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PLh . Abstract 

In this paper we establish a Taylor-like expansion in the context of the rough path theory 
for a family of Ito maps indexed by a small parameter. We treat not only the case that 
the roughness p satisfies [p] = 2, but also the case that [p] > 3. As an application, we 
discuss the Laplace asymptotics for Ito functionals of Brownian rough paths. 

> 

t> 

^ '■ 1 Introduction and the main result 

q ■ Let V, W be real Banach spaces and let X : [0, 1] — > V be a nice path in V. Let us consider 
the following W- valued ordinary differential equation (ODE); 

dY t = a(Y t )dX t , with Y = 0. (1.1) 

X' 

Here, a is a nice function from W to the space L(V, W) of bounded linear maps. The 
correspondence X \- y Y is called the Ito map and will be denoted by Y = $(A). 

In the rough path theory of T. Lyons, the equation (11. ip is significantly generalized. 
First, the space of geometric rough paths on V with roughness p > 1, which contains all 
the nice paths, is introduced. It is denoted by GQ P (V) and its precise definition will be 
given in the next section. Then, the Ito map $ extends to a continuous map from GQ P (V) 
to Gflp{VV). In particular, when 2 < p < 3 and dim(V), dim(W) < oo, this equation (II. ip 
corresponds to a stratonovich-type stochastic differential equation (SDE). (See Lyons and 
Qian [20] for the facts in this paragraph.) 

In many fields of analysis it is quite important to investigate how the output of a 
map behaves asymptotically when the input is given small perturbation. The Taylor 
expansion in the calculus is a typical example. In this paper we investigate the behaviour 
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of §(eX + A) as e \ for a nice path A and X e GQ P (V). Slightly generalizing it, we 
will consider the asymptotic behaviour of Y^ £ \ which is defined by (11.21) below, as e \ 0; 

dY t (£) = a(e, Y t (£) )edX t + b(e, Y t (£) )dA t , with F (e) = 0. (1.2) 

Then, we will obtain an asymptotic expansion as follows; there exist Y°, Y 1 , Y 2 , . . . such 
that 

Y £ ~ Y° + eY l + • • • + e n Y n + ■■■ as e \ 0. 

We call it a stochastic Taylor-like expansion around a point A. Despite its name, this is 
purely real analysis and no probability measure is involved in the argument. 

This kind of expansion in the context of the rough path theory was first done by Aida 
[U [2] (for the case where coefficients a, b are independent of e, [p] = 2, V, W are finite 
dimensional). Then, Inahama and Kawabi [15] (see also [11]) extended it to the infinite 
dimensional case in order to investigate the Laplace asymptotics for the Brownian motion 
over loop groups. (The methods in [2] and [15] are slightly different. In [2], unlike in [15], 
the derivative equation of the given equation is explicitly used, see Introduction of [15J.) 

The main result (Theorems 14.41 and 14. 5|) in this paper is to generalize the stochastic 
Taylor-like expansion in [15]. The following points are improved: 

1. The roughness p satisfies 2 < p < oo. In other words, not only the case [p] =2, but 
also the case p > 3 is discussed. 

2. The coefficients a and b depend on the small parameter e > 0. In other words, we 
treat not just one fixed Ito map, but a family of Ito maps indexed by e. 

3. The base point A of the expansion is a continuous g-variational path for any 1 < 
q < 2 with 1/p + 1/q > 1. In [T5], A is a continuous bounded variational path (i.e., 
the case q = 1). 

4. Not only estimates of the first level paths of Y°, Y 1 , Y 2 , . . ., but also estimates of 
the higher level paths are given. 

The organization of this paper is as follows: In Section 2, we briefly recall the definition 
and basic facts on geometric rough paths. We also prove simple lemmas on continuous q- 
variational paths (1 < q < 2). In the end of this section we prove a few lemmas, including 
an extension of Duhamel's principle, for later use. 

In Section 3, we first slightly generalize the local Lipschitz continuity of the integration 
map as the integrand varies (Proposition 13. ip . Put simply, the proposition states that the 
map 

(f,x) e c$+\v,L(y,w)) x cn p (v) ^ J f(x)dx e cn p (w) 

is continuous. Here, Cjf^ 1 denotes the space of [p] + 1-times Frechet differentiable maps 
whose derivatives of order 0, 1, . . . , [p] + 1 are bounded on every bounded sets. Note that 
in Lyons and Qian [20], the integrand (or the coefficients of ODE) is always fixed. In the 
path space analysis, a path on a manifold is often regarded as a current- valued path. This 
generalization is also necessary for such a viewpoint in the rough path context. 
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In the latter half of the section, using the above fact, we slightly improve Lyons' 
continuity theorem (also known as the universal limit theorem) when the coefficient of 
the ODE varies. (Theorem 13.81 and Corollary 13 .9 j) . Put simply, the correspondence 

{a, X, y ) e C£ ]+2 (V, L{V, W)) x GQ P {V) xW ^ Z = (X,Y) e GQ P (V © W) 

is continuous. Here, Z = (X, Y) is the solution of (11. ip with the initial condition replaced 
with y and c£ 1+1 (V, L(V, W)) (M > 0) is a subset of Cf ]+1 (V, L(V, W)) (a precise 
definition is given later). 

In Section 4, as we stated above, we prove the main theorems in this paper (Theorems 
IH and S3]). 

In Section 5, as an application of the expansion in Section 4, we improve the Laplace 
asymptotics for the Brownian rough path given in [15] . In this paper, we are now able to 
treat the case where the coefficients of the ODE are dependent on the small parameter 
e > (see Remark 15 .2 j) . 

Remark 1.1 In Coutin and Qian JE/ they showed that, when the Hurst parameter is 
larger than 1/4, the fractional Brownian rough paths exist and the rough path theory is 
applicable to the study of SDEs driven by the fractional Brownian motion. In particular, 
if the Hurst parameter is between 1/4 and 1/3, the roughness satisfies [p] = 3 and the 
third level path plays a role. 

(Recently, Friz and Victoir J77y showed existence of a geometric rough path over a 
multidimensional Gaussian process provided that its covariance function, in the sense of 
two dimensional functions, is of finite p-variation with p < 2.) 

Since Millet and Sanz-Sole [21] proved the large deviation principle for the fractional 
Brownian rough paths, it is natural to guess that the Laplace asymptotics as in Theorem 
\5.1\ for the fractional Brownian rough paths is also true. This was proved in the author's 
recent preprint [Wi/ . 

Note that Baudin and Coutin ^ proved a similar asymptotic problem (the short time 
asymptotics for finite dimensional, one fixed differential equation ) for the fractional Brow- 
nian rough paths. Friz and Victoir JM/ also studied a problem similar to j^j for finite 
dimensional (fractional) Brownian rough paths. 

2 The space of geometric rough paths 
2.1 Definition 

Let p > 2 and let V be a real Banach space. In this section we recall the definition of 
GQp(V), the space of geometric rough paths over V. For details, see Lyons and Qian [20] . 

On the tensor product V®V of two (or more) Banach spaces V and V, various Banach 
norms can be defined. In this paper, however, we only consider the projective norm on 
V <8) V. The most important property of the projective norm is the following isometrical 
isomorphism; L(V <g) V, W) = L 2 (V, V; W). Here, the right hand side denotes the space of 
bounded bilinear functional from V x V to another real Banach space W. (For definition 
and basic properties of the projective norm, see Diestel and Uhl [8].) 
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For a real Banach space V and n G N = {1, 2, . . .}, we set T^(V) = M©V©-- -®V® n . 
For two elements a = (a , a 1 , . . . , a"), 6 = (6°, b 1 , . . . , b n ) G T^ n ^(V), the multiplication and 
the scalar action are defined as follows; 

ii 

a®b = (a%°,a 1 b Q + a% l ,a%° + a 1 ®b 1 + a% 2 ,...,^a n - i ®b i ), 

ra = (a°,ra\r 2 a 2 ,...,r n a n ), r Gl. 

Note that, acg>6^5(g>am general. The non- commutative algebra T^(V) is called the 
truncated tensor algebra of degree n. As usual T^{V) is equipped with the direct sum 
norm. 

Let A = {(s,t) | < s < t < 1}. We say X = (1, X 1 , . . . , X®) : A -»■ T(M>(V) is a 
rough path over V of roughness p if it is continuous and satisfies the following; 

X StU ® X Uit = X M for all (s, u), (u, t) G A, 




< oo for all j = 1, ... , [p]. 



Here, D = {0 = to < t± < ■ ■ • < ijv — 1} runs over all the finite partitions of [0, 1]. The 
first identity above is called Chen's identity. The set of all the rough paths over V of 
roughness p is denoted by fl p (V). The distance on O p (V) is defined by 

[p] 

d(X, Y) = W xj ~ Yj \\ P /i, X > Y £ «p(V)- 

With this distance, fi p (V) is a complete metric space. For X G Q P (V), we set £(X) = 

Ejfii H XJ llp/i- Tt is obvious that £(rX) = |r|£(X) for r G R. 

Let BV(V) = {X G C([0, 1], V) | X = and ||X|| i < oo} be the space of continuous, 
bounded variational paths starting at 0. By using the Stieltjes integral, we can define a 
rough path as follows (p > 2); 

Xl t := f dX tl ® • • • ® (s, t) G A, j = 1, . . . , [p]. 

J s<t\<'-<tj<t 

This rough path is called be the smooth rough path lying above X G BV(V) and is again 
denoted by X (when there is no possibility of confusion). The enclosure of the totality of 
all the smooth rough paths is denoted by GQ P (V), which is called the space of geometric 
rough paths. This is a complete metric space. (If V is separable, then GQ P {V) is also 
separable, which can easily be seen from Corollary 12. 31 below.) 

2.2 On basic properties of q- variational paths (1 < q < 2). 

Let 1 < q < 2. For a real Banach space V, set 

C 0i(? (V) = {XgC([0,i],V)| X = 0and \\X\\ q < oo}, 
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where || • || g denotes the g-variation norm. When q — 1, BV(V) = C 0ig (V). 

Let V = {0 = t < h < ■ ■ ■ < tN = 1} be a (finite) partition of [0, 1]. We denote by 
n-pX a piecewise linear path associated with V (i.e., n-pX ti = X ti and n-pX is linear on 
for all i). The following lemma states that n-p : Co, g (V) — > Co, g (V) is uniformly- 
bounded as the partition V varies. 

Lemma 2.1 Let 1 < q < 2. Then, there exists a positive constant c = c q depending only 
on q such that \\ir-pX\\ q < c\\X\\ q for any partition V of [0, 1]. 



Proof. Fix V = {0 = t < h < ■ • ■ < t N = 1}. For a partition Q = {0 = s < si < • • • < 
% = 1}, we set 

M 
k=l 

Suppose that D Q contains three points (namely, Sj_i < Sj < Sj+i). Then, since 

ir-pX is linear on [s_,-_i, Sj+i], we see that 

which implies that Sq < Sq\{ s }. (The same argument holds if it contains more than 
three points.) Therefore, we have only to consider Q's such that |[tj_i,ii] fl Q\ < 2 for all 
' 1 v. 

Let Q be as such. If Pi Q — {s,}, then define Sj = except if sj = 1. (If 

so we set Sj = 1.) If fl Q — {sj < Sj+i}, then define Sj = and s J+1 = ij. 

Note that = so < < • • • < % = 1. Some of s/s may be equal. If so, we only collect 
distinct s/s and call the collection Q. Noting that Sq < \\X\\^ and that 

\n-pX Sj - Tr-pX Sj \ < \7r-pX ti - n v X u _ x \ = \X U - Xt^l, 

if Sj G we see that 

M 



Sq = ^ \iryX Sj - -K V X Si _ x \ q 

M M 

< c q [J2 WX S] - ir v X Sj + WvXs^ - nvXsj-! \ q + S, 



k=l k=l 



< c q SQ< c > q \\xr q . 

Taking supremum over such Q's, we complete the proof. I 



Corollary 2.2 Let 1 < q < q' < 2 and X E C 0>q (V). Then, 

lim \\X - 7ipX\\ q/ = 0. 

Here, \V\ denotes the mesh of the partition V . 
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Proof. This is easy from Lemma 12.11 and the fact that ir-pX — > X as \V\ — > in the 
uniform topology. I 

For 1 < q < 2 and X G C 0jq (V), we set 

X j a>t = [ dX tl ®---®dX tp j = 1,2,..., [p]. 

Js<ti<—<tj<t 

Here, the right hand side is the Young integral. As before, X = (1, X 1 , . . . , X' p ') satisfies 
Chen's identity and, if \X t — X s \ < co(s,t) 1 ^ q for some control function to (in the sense of 
p. 16, Lyons and Qian [20]), then X J is of finite g/j-variation (i.e., there exists a positive 
constant C such that |X^ t | < Cu(s, t) j ' q ). So, C , g (V) C ft p (V). 
By Theorem 3.1.3 in [§b], if X, Y G C 0)9 (V) satisfy that 

|X t -X s |, |y t -n| < 
\(X t -X s )-(Y t -Y s )\ < eu{s,t) x ' q . 

for some control function, then there exists a positive constant C depending only on 
p, q, uj(0, 1) such that 

\X j s ,t ~ Y s,t\ < Ceuj(s, tyl\ for all (s, t) G A and j = 1, . . . , [p]. 

In particular, the injection X G C 0jq (V) H- X = (^X 1 , . . . , X^) G f2 p (V) is continuous. 
Combining this with Corollary 12. 2\ we obtain the following corollary. (By taking suffi- 
ciently small q'(> q).) Originally, GQ P (V) is defined as the closure of BV(V) in Q P (V). 
In the the following corollary, we prove that GQ P (V) is also obtained as the closure of 
Co,(j(V). (The ingredients of Corollary 12.41 is partially in [TO].) 

Corollary 2.3 Let 1 < q < 2 and p > 2. For any X G C , g {V), n-pX G BV(V) converges 
to X in flpiV) as \V | — >■ 0. In particular, we have the following continuous inclusion; 
BV(V)cC 0)? (V)cGfi p (V). 

Corollary 2.4 Let 1 < q < 2 and p > 2 1/p + l/q > 1. Lei V and W 6e rea/ Banach 
spaces. Then, the following (1) and (2) hold: 

(1) . ForX G Gfip(V) andif G C 0i3 (V), t/ie natural shift X + H G Gfi p (V) well-defined. 
Moreover, it is continuous as a map from Gfl p (V) x C 0) g(V) to GTi p (V). 

(2) . For X G Gfi p (V) and if G C , 3 (W) ; (X, tf) G GQ P (V © W) zs well-defined. More- 
over, it is continuous as a map from GQ P (V) x C 0i9 (W) to Gf2 p (V © W). 

Proof. The shift as a map from fi p (V) x Co, q (V) to fi p (V) is continuous. (See Section 
3.3.2 in [2D].) Therefore, we have only to prove that X + H e Gtt p (V) if X G Gfi p (V). 
However, it is immediately shown from Corollary 12.31 

The second assertion can be verified in the same way. I 
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Now we consider linear ODEs of the following form: For a given L(V, V)-valued path 

Q, we set 

dM t = dVL t ■ Af t , M = Id v , (2.1) 
dN t = -N t -dn t , iV = Id v . (2.2) 

Here, Af and N are also L(V, V)-valued. It is well-known that, if Q e BV(L(V, V)), then 
unique solutions Af, N exist in BV(L(V, V)) and M t N t = N t M t = Id v for all t. This can 
be extended to the case of g-variational paths (1 < q < 2) as in the following proposition. 



Proposition 2.5 Let 1 < q < 2 and Q G Co j(? (L (V, V)). Then, the unique solutions Af, N 
of $Mjy and (ELD exist in C 0>q (L(V, V)) + Id v . It holds that M t N t = N t M t = Id v for all 
t. Moreover, if there exists a control function u such that 

\n t - n s \, \(i t - Ci„\ < u(s,t) 1/q , 

\(n t -Q s )-(Q t -h s )\ < eu(s,t) 1 / q , (s,t)eA, 

then, there exists a constant C depending only on q and cu(0, 1) such that 

\M t - M s \, \M t - M s \ < Cuj(s,t) 1/q , (2.3) 
|(Aft-Af s )-(M t -M s )| < Ceu{s,t) l ' q , (s,t) e A. (2.4) 

Similar estimates also hold for N. 



Proof. By using the Young integration, set J t ° = I°(£l)t '■= Idy and, for n — 1, 2, . . ., 

i? = i n (n) t -.= [ dn tn ---dn tl . 

Jo<t 1 <---<t n <t 

If we set m t = Yl^Lo I n {^)t, then 1 1— > m t -t A formally satisfies (12. ip with initial condition 
replaced with mt = A e L(V, V). Therefore, we will verify the convergence. (Note that 
in our construction of solutions, the "right invariance" of the given differential equation 
(12.1 p implicitly plays an important role.) 

We will prove that, for all n G N, < T < 1, and (s,t) e A[ 0)T ] = {(s,t) \ < s < 
t<T}, 

\I?-Is\ < K n - 1 co(s,t) 1/q , where K = u(0,T) 1/q (l + 2 2/<? C(2/g)). (2.5) 

Here, ( denotes the ^-function. Obviously, (12 .5p holds for n — 1. 

Suppose that (J23J) holds for n. Recall that J t n+1 - = f*dQJ% = lim^o S v , 

where, S-p is given by S-p = J2iLi(^u — ^ti-i)^t--i ^ or a fi n he partition V = {s = t < 
ti < ■ ■ ■ < fjv = t} of [s, t]. It is easy to see that 

\S {S)t} \ = \(Q t -Q s )i:\ < K^u^sf/^t)^. (2.6) 
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Let tj G P, (j = 1, . . . , N — 1). Then, we have 

\s v - s n{t]} \ = \(Q tj - + (jv, - - - fy-xKJ 

= |(n* J+1 - fyXJ? - i5_J| < K^^fa-ut^) 2 '*. 

From this and a routine argument, 

\Sv ~ S {s , t} \ < K n - l 2 2 /%(2/q)u(s,t) 2 /i. (2.7) 

From (ESD and (j2"77|) . we see that |5p| < fsf n w(s, This implies (JZS]) for n + 1 (and, 
hence, for all n by induction). 

If T is chosen so that K < 1, then £ i— >■ m t is convergent in g- variation topology 
on the restricted interval and is a solution for ( 12. ip which satisfies that \m t — m s \ < 
(l-^-^^^^for («,t)6A M . 

Take = T < T x < • ■ • < T k such that w(7i_i, T i ) 1 / 9 (l + 2 2 /< ? C(2/<?)) = 1/2 for 
i = 1, . . . , k - 1 and Lu(T k ^i,T k ) 1 / q (l + 2 2 / q ({2/q)) < 1/2. By the superadditivity of u, 
k — 1 < 2 9 (l + 2 2 / 9 C(2/g)) 9 o;(0, 1). Hence, k is dominated by a constant which depends 
only q and oj(0, 1). On each time interval [Tj_i,Tj, construct M by M t = m t -T 1 _ 1 MT i _ 1 - 
By the facts we stated above this is a (global) solution of ( 12. ip with desired estimate (12. 3p . 
It is easy to verify the uniqueness. 

Finally, we will prove the local Lipschitz continuity (12. 4p . In a similar way as above, 
we will show by induction that 

|(/ t " - 1?) - (# - £)| < enK^u^t) 1 ^, (s,t) G A [0)T] , n G N. (2.8) 

Obviously, (I2.8P holds for n = 1. 

In the same way as above, we see that 

l% t} -% t} | < |(o t -oj(/ s n -/;)| + |[(o t -Q s )-(^-o s )]/;| 

< enK n - x u{Q, s) 1/q co(s, t) 1/q + K^ 1 ^, s) 1/q eu(s, t) 1/q 

< e(n + l)K n ~ l u{S),l) llq uj(s,t) 1 l q . (2.9) 

Let tj G P, (j = 1, . . . , N - 1). Then, 

| (Sp - ~ ( S t> ~ S V\{tj})\ 

= \(n tj - n^)^ + (n tj+1 - n tj )i- - (n tj+1 - n^)^ 

+K^. +1 -^)-(^ +1 -4,)| K^-^JI 

< eCn+l)^- 1 ^^,^!) 2 /?. 
From this and a routine argument, 

|(Sp - S {Sjt} ) - (S v - S {s>t} )\ < e{n + l)K n - 1 2 2 / q C(2/qMs,t) 2 / q . (2.10) 
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From (J22D and (gZEEJ) , we see that \S V - S v \ < e{n + l)K n u{s, t) l ' q . This implies Q£gJ) 
for n + 1 (and, hence, for all n by induction). 

In the same way as above, we can prolong the solutions and obtain (12.41) . The proof 
for iV is essentially the same. So we omit it. Take q' £ (q, 1) and apply Corollary 12 .21 
Then, because of the continuity we have just shown, we see that M t N t = N t M t = Idy for 
aJlt. I 

From now on we will prove a lemma for Duhamel's principle in the context of the 
rough path theory. When the operator-valued path M below is of finite variation and 
[p] = 2, the principle was checked in [15] . Here, we will consider the case where p > 2, M 
is of finite q- variation (1 < q < 2) with 1/p + 1/q > 1. 

We set 

C,(L(V,V)) := [(M,N)\M,NeC , q (L(V,V))+ld v , 

M t N t = N t M t = Id v for t £ [0, 1]}. 

We say M £ C q (L(V, V)) if (M, M" 1 ) £ C q (L(V, V)) for simplicity. 
We define a map T : C , ff (V) x C q (L(V,V)) C , g (V) by 

T(X,M) t = T(X,(M,M- 1 )) t :=M t [ M^dX,, t £ [0, 1] (2.11) 

Jo 

for X £ C 0i g(V) and M £ C 9 (L(V, V)). Here, the right hand side is the Young integral. 

Lemma 2.6 Let V be a real Banach space, p>2,l<q<2 with 1/p + 1/q > 1. Let V 
be as above. Then, we have the following assertions: 

(1) . Assume that there exists a control function u such that 

\Xi t \<u(s,t)^, j = l,...,\p], (2.12) 
\M t - M s \ mv) + \M^ - M~ l \ L (yy) < u{s,t) 1/q (2.13) 

hold for all {s,t) £ A. Then, 

\T(X,M)i tt \<Cu(s,t)^, j = l,...,\p], (s,t)eA, (2.14) 

where C is a positive constant depending only on p, q, and u(0, 1). 

(2) . r extends to a continuous map from GQ p (V) xC q (L(V, V)) to GQ p (V). (We denote it 
again byT.) Clearly, T(eX,M) = eT(X,M) holds for any X £ Ga p (V),M £ C q (L(V,V)) 
and £ £ M. 

Proof. The proof is not very difficult. So we give a sketch of proof. From (12.111) . we have 
T(X,M) t = X t - M t $l{dM~ l )X s . Note that the map that associates (X, M) with the 
second term above is continuous from GQ P (V) x C q (L(V, V)) to Co, g (V). Using Corollary 
we see that (X, M) H> T(X, M) is continuous from GVt p {V) x C q (L(V, V)) to G%(V). 

I 
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The following corollary is called (the rough path version of) Duhamel's principle and 
will be used frequently below. 

Corollary 2.7 Let V be a real Banach space, p>2,l<q<2 with 1/p + l/q > 1. 
For G C 0iq (L(V,V)), define M = M n and N = M^ 1 as in (GOP and fitty . For this 
(M n , Mq 1 ) and X G C ,,(V) define Y : = T(X,M n ) as in [KJl\) . Then, the following 
(l)-(S) hold: 

(1) . Y is clearly the unique solution of the following ODE (in the q-variational sense): 

dY t - (dn t ) ■ Y t = dX t , Y = 0. 

(2) . Assume that there exists a control function u such that 

\xi tt \<u{8,tyto j = l,..-M M)eA 
la - ^U(v,v) < t) 1/q , {s, t) e A. 

Then, \Yg t \ < Ctu(s,t)^ p , j = l,...,[p], (s,t) G A, where C is a positive constant 
depending only on p, q, and uj(0, 1). 

(3) . (X, i — y Y — T(X, Mq) extends to a continuous map from GQ P (V) x Co, q (L(V, V)) 
toGtt p (V). 

2.3 preliminary lemmas 

In this subsection we will prove several simple lemmas for later use. Proofs are easy. Let 
p > 2 and let V and W be real Banach spaces. 

Lemma 2.8 For a G L(V, W) and X G Gtt p (V), set a(X) = (1, a(X)\ . . . , a(X)W) by 
a(X)i >t = a®i(Xi t ), (j = 1, . . . , [p]). 

(1) . Then, a(X) G Gn p (W) and 

for any 1,1 6 Gfl p {V). In particular, a : GQ p {V) — > GQ p (yV) is Lipschitz continuous. 

(2) . If a, 13 G L(V,W), then 

\oi( x )i,t ~ /3( x )i,t\ < j\ot - &\l{v,w){W\l{v,w) V |/3|l(v,w))' j ~ 1 |^| 
for any X G GQ P (V). 

Proof. By the basic property of the projective norm, we can see that |a® J |i,(v®j,>v®j) = 

l a ll(vw)- ^ ne res ^ * s eas y ' 

The following is a slight modification of Lemma 6.3.5 in p. 171, [20]. The proof is easy. 
Note that the choice 5 > is independent of ui. In the following, r aifejC : GVL P (V @W® 2 ) — > 
GVL p {V © >V® 2 ) is defined by T aAc = ald v © Hd w © cld w (a, 6, c G R). 
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Lemma 2.9 If K,K G GQ P (V © W® 2 ) with tt v (K) = X, n v (K) = X and if u is a 
control such that 

\Ktl\Kt\ < \<o(*,ty'*, \K>^K> 3it \<(cMs,t)Y'> 
< f^M)' 7 *, \K>s-ki tt \<e(cMs,t)Y'>, 

for all j — 1, ... , [p] and (s,t) G A, then there exists a constant 5 G (0, 1] depending only 
on C 2 and [p] such that, for any 5i,5 2 G (0,5], we have 

|(ri AA JOi«| < |(ri A A^)i* - ( r iM,sMA < eu(s,ty^, 

for all j — 1, ... , [p] and (s, t) G A. 

Lemma 2.10 (1) Let V be a real Banach space and {0 = T < Ti < • ■ ■ < T N = 1} be 

a partition of [0, 1]. For each i = 1,2, . . . , N , A(i) : A[ T ._ 1)T .] — > T^(V) is a geometric 
rough path which satisfies that 

\A(i)i tt \ < u(s,ty/v, 3 = 1,..., [p], (s,t) G A [Ti _ 1;Ti] . 

We define A : A ->■ T^l)(y) by 

A s , t = A s , Tk (k) ® A TfciTfc+1 (A; + 1) ® • • • ® A Ti _ 1;t (0 m T<M>(V) 

/or (s,t) G A sfic/i £/ia£ s G [T fc _ 1 ,Tj fc ] and i G [T/_i,Tj]. Tnen, A is a geometric rough 
path such that 

|4,| <(Cu( 8 ,t)Yb j = l,...,[p] and(s,t)EA. 
Here, C > is a constant which depends only on p and N. 

(2) Let A(i) and A(i) be two such rough paths on restricted intervals as above (i = 
1,2, ... ,N). In addition to the assumption of (1) for both A(i) and A(i), we also assume 
that 

\A(i){ t - A(i){ t \ < eu(s,ty/P, for 3 = 1,..., [p] and (s,t) G A [Ti _ 1>Ti] . 
Then, A and A defined as above satisfy that 

\M,t - M,t\ < e(Cu(8,t)Y'>, for 3 = 1,..., [p] and (s,t) G A. 
Here, C > is a constant which depends only on p and N . 

Proof. We can show this by straight forward computation. We prove (2) for example. 
Assume s G [T ,Ti] and t G [Tjv-i, TV], because the other cases are easier. For the first 
level path, 

A\ t = A(l)l Ti + A(2Y TuT2 + ■■■ + A(Ny TN _ i!t . 
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Hence, 

Kt- A U < m)l,T 1 -Mi)l, Tl \ + --- + \MN)h N _ 1 , t -MN)h N _j 

< eco(s, T x f' p + • • • + ew(Tjv_i, t) 1/p < eNu{s, t) 1/p . 

For simplicity of notation, we write s = 70,7/. = 75 {1 < i < N — l),t = tn. The second 
level path satisfies 

N 

i=l l<i<k<N 

From this, we see that 



The higher level paths (j > 3) can be done in the same way. I 



The first assertion of the following lemma is Corollary 3.2.1, [20]. The second one is a 
weaker version of Theorem 3.2.2, 



Lemma 2.11 Let V be a real Banach space and let A, B : A ^ T^\V) be almost rough 
paths. 

(1) . If there exist 9 > 1 and a control function u such that 

l4 t | < u (8,tY'*, j = i,...,b], (s,t)eA, 

\A{ t -(A StU ®A Utt y\ < u(s,t) d , j = l,...,[p], (s, u), (u, t) G A, 
then, there is a unique rough path A associated to A G Q P {V) such that 

|A2 it | < C7w(M)'> j = l,...,[p], («,t)EA. 
/fere, C > is a constant which depends only on p,9,u(0, 1). 

(2) . Assume that there exists 9 > 1 and a control function u such that, for all j = 
1, . . . , \p], e > and (s, u), (u, t) G A, 

\A j s>t \, \Bi >t \ <u(s,t)^, \A j s>t -Bi >t \ < eu(s,t)^, 
\A^ t -{A s , a ®A u ^l \Bi >t -{B StU ®B u>t y\ < co(s,t) e , 

(A{ t - (A SiU ® A Ujt Y) - (Bf >t - (B SiU ® B^)'') | < ew(s, 

/io/d T/ien, t/ie associated rough paths, A and B, satisfy that 

\A{ t - Bi,t\ < eCu,(a,tyto j = 1, . . • , [p], (M) G A. 
Here, C > is a constant which depends only on p,9,u(0, 1). 
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Proof. For the first assertion, see Corollary 3.2.1, |20j. We can show the second assertion 
by modifying the proof of Theorem 3.2.2, [20]. In this proof, the positive constant C may 
vary from line to line. First let us consider the case j — 1. Let V = {0 = to < t\ < ■ ■ ■ < 
t r = t} be a partition of [s,t]. Recall that 

r 

Al it =]imA(V)l it , where A(P)i, t = 5>L,v 

There exists a point t[ eV \ {s,t} which satisfies < 2(r — Then, 

denoting V = V \ {ti}, we see that 



{A(V)l t - - {fl(7>)l lt - B{V')lt) 

(A) , + A) , -A] . ) - (Bj t 



e2 b 



(r-iy 

By routine argument, 

{Al t ~ <t} ~ {Bit ~ Bl t } 



Ms,tf. 



< lim 



{A(V)l - A],} - {B(V)l t - BlJ < e2 e aeMs, tf 



(2.15) 



Combining this with the estimate for A l st — B l st and co(s,t) e < Cu(s, t) 1 ' p , we prove the 
case for j = 1. 

Next consider the case j — 2 (\jp\ > 2). Recall that 

A '>* = ivEo A{V) ^ Where A(V) ^ = X>*- lA + Ku-, ® 4_ llti )- 
1 1=1 

In a similar way, 

{A{V)lt - 4(7%} " {B{V)% - B(V%} 

(A 2 , + A* t -A 2 , , + A] , ® A] . ) 

('^2 I ^2 ^2 _|_ j^l ^ ^jl * 

(A) , ® A) , -A] t ® A] , )- (Bl t ®B] , — B) , ® B) . ) 

V H-lM HiH+1 H-l,tl t t ,t l+1 ; \ {;_!,{; ^ t h t l + 1 tj_i,tj ^ ti,ti +1 i 

The first term on the right hand side is clearly dominated by eu(ti_i,ti + i) e by the as- 
sumption. From (I2.16P and the assumption, it is also easy to see that the second term 
is also dominated by eCu(ti_i, ti + i) e+ ^/ p \ Hence, the right hand side is dominated by 
eCcu(ti_i, ti + i) e < eC{r — l)~ e uj(s,t) e . By using the same argument as above, we can 
show that 



{Alt - Ait} - {si - si) 



< lim 



{A(V)l t - A%} - {B(V)lt - B%) < eCu(s, t) 6 . 
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(2.16) 



Thus, we can prove the case for j = 2. The case j > 3 can be shown similarly. I 



3 A slight generalization of Lyons' continuity theo- 
rem 

The aim of this section is to slightly generalize Lyons' continuity theorem (also known 
as "the universal limit theorem") for Ito maps in the rough path theory. This section 
is based on Sections 5.5 and 6.3 in Lyons and Qian [2D]. Notations and results in these 
sections will be referred frequently. The following points seem new: 

1. We let the coefficient of an Ito map also vary. 

2. We give an explicit estimate for the "local Lipschitz continuity" of Ito maps (The- 
orem 6.3.1, [20]). 



3.1 A review of integration along a geometric rough path 



For a real Banach space V, we denote by GQ p (V) the space of geometric rough paths over 
V, where p > 2 is the roughness and the tensor norm is the projective norm. Let W be 
another real Banach space and let / : V — > L(V, W) be C^ +1 in the sense of Frechet 
differentiation. We say / G Cj$£(V, L(V, W)) if / is C^ +1 from V to L(V, W) such that 
\Di f\ (j = 0, 1, . . . , [p] + 1) are bounded on any bounded set. In this subsection we will 
consider / f(X)dX (for X G GQ p {X)). 

For n G N = {1, 2, . . .}, let U n be the set of all permutations of {1,2,..., n}. We define 
the left action of n G Il n on V® n by ir(vi <g> • • • eg) v n ) = v n -i(i) g) • • • <g) v n -i( n y (Note that 
this is different from the definition in |20j, where the right action is adopted. However, 
this does not matter so much since no composition of permutations will appear below.) 

Given 1 = . . . , l { } . . . , k e N), let |1| = l x + h k- We say 7r e TIi if tt e U\i\ 

satisfies the following conditions: 



7T(1)< 
7T{h + 1) < 

TT(h + ■■■ + + 1) < 

7r(/x) < 7r(Zi + h) < 



< 7T(Zi), 

< 7T(Zi +l 2 ), 

<7r(|l|). 



(3.1) 



(Note: The last condition in (13. ip is missing in p. 138, |20j.) 

Let X G GQ p (V) be a smooth rough path. Then, for all (s,t) G A, 



dX 1 } 



S<Ul<-<Ui<t 



wen! 



(3.2) 



(See Lemma 5.5.1, [20J. By Corollary 12.21 and the Young integration theory, (I3.2p also 
holds for X lying above an element of C 0iq (V).) 
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For / G CP+ C \V, L{V, W)) in Frechet sense, we denote f^(x) for f(x) for simplicity 
(j = 0, 1, . . . , [p] + 1). For X G Gffip(V), we define Y G C , P (A, T^(W)) by 

*i = E /^ 1 ra®---®/^ 1 ra(E 7rX i 1 i) ( 3 - 3 ) 

l=(h,...,k),i<lj,\i\<lp] ^eni 

for (s,t) G A and i = 1, . . . , [p]. 

For a smooth rough path X, it is easy to see that, for any (s, -u), (it, i) G A, 

bl [p] 

£/ , - 1 M(d^i, t > = jTtf-W-RiiX.tXJKdXlJ (3.4) 
i=l z=i 

holds. Here, for x, y G V, 

Jfcfoy) = - E A*)^ " zf ( ^ +1) > 

= jf + ^ - g )X(y ~ xf (bH+1) ) (3.5) 

(See Lemma 5.5.2 in [20]. A key fact is that the symmetric part of X l st is [X s 1 t ]® z / /7!.) 

Using ( 13. 2 I) and ( 13. 4ft . we see that, for a smooth rough path X (and for a geometric 
rough path X G Gfi p (V) by continuity), 

Y,, t = Y SiU <g> M„, t , in T ([pl) (>V) for all (s, u ), (u,t) G A. (3.6) 

Here, M U)t is given by M° t = 1 and, for % — 1, . . . , [p], 

< t = E (/^(Xj-it^X^Xj)® 

i=(ii.-,ii).i<«j,HI<[p] 

• • • ® (/^(JQ - ^(X S ,X U ))(E ^i)- (3.7) 

Treni 

(Actually, M U)4 depends on s, too. Eq. ( 13.61) is Lemma 5.5.3 in [20].) 

Set Nl u = F/ u — M( U . Then, for a control function u satisfying that |Xf t | < u(s, t)^ p 
for j = 1, . . . , [p], it holds that 

|JVy < CM(/;b] lW (0,l))^(M)(^, j = l,...,[p], (s,t) G A. (3.8) 

for some constant C > which depends only on p,u(0, 1). Here, we set 

M(f; k,R) : = max sup{|/ i (x)| : |x| < R} for R > and k G N (3.9) 

and M(/; fc) := M(/; k, oo). Then, F defined by (13.31) is an almost rough path. Indeed, 
noting that (Y s>u <S> X Uji ) fc = J2i+j=k i>o j>i^lu ® we can easily see from above that 
there exists a constant C > which depends only on p,u(0, 1) such that 

|y£ - (Y SjU ® F^'l < CM(/; [p],u;(0, l))'u;(s, t) (b]+1)/p (3.10) 
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for all j = 1, ... , [p] and (s, u), (u, t) G A. 

We denote by J f(X)dX the unique rough path which is associated to Y. It is well- 
known that, if X is a smooth rough path lying above t 1— )■ X t , then J f(X)dX is a smooth 
rough path lying above t H- J * f{X u )dX u . By the next proposition, X t-> J f(X)dX is 
continuous, which implies that J f(X)dX G Gfi p (W). 

The following is essentially Theorem 5.5.2 in [2D] . Varying the coefficient / and giving 
an explicit estimate for the local Lipschitz continuity are newly added. We say f n — > f 
as n ->• oo in C 6 fc Zoc (V, L(V, W)) if M(/ - /„; jfe, i2) ->■ as n -> oo for any # > 0. 

Proposition 3.1 We assume /, <7 G C$£(V, L(V, W)). 

(1). Lei / be as above. If X G GT2 p (V) and a control function u satisfy that 

\X> )t \<u(s,ty'>, j = l,...,\p], (s, t) G A, 

t/ien, /or a constant C > which depends only on p and oj(0, 1), it ZioZds t/iat 

< C7M(/; [p],w(0, J = 1, • • • , [p], (M) e A. 



(2). Let /, o 6e as above and let Gfi p (V) suc/i iaa£ ; /or a control function u, 

|Xf jt |, |lf' it | < u;( S ,t) i/p , 

< eu>(s,tY' p , j = l,...,[p], (s,t)eA. 



Then, 



f(X)dX j - g(X)dXi\ < CM{f-g-MMVA))MtMs,t) j,P 



[p] 



+eCMl ]+ Ms,ty/i> 



for j = 1,. . ., [p] and (s,t) G A. Here, M k = M(f; k,uj(0, l))VM(o; k,u(0, 1)) and C > 
is a constant which depends only on p and a>(0, 1) . 
(3). In particular, the following map is continuous: 

(f,x) g c®+\v,L(y,w)) x cn p (v) ^ | /pr)dx g g^ p (w). 



Proof. In this proof the constant C > may vary from line to line. To show the first 
assertion, note that 

\Ylt\ < CM(f; \p},u(0, l)yuj{s,ty' p j = [p], (s,t) G A. 

From this and ( 13.101) we may apply Lemma EUT] to M(f; \p],u(0, l))" 1 • K to obtain the 
first assertion. 
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Now we prove the second assertion. First we consider J* g(X)dX : > — J* g{X)dX^ . It 
is easy to see from (I3.3P that 

\Y.lt - Y',t\ < zCM{g- \p) + l,w(0, l))MM) j/p , j — 1,. . . , \p), (s,t) G A. 
Similarly, we have from (I3.8P that 

\Kt - Kt\ < ^ CM ^ M + l."(0, l)Yu>(8,t)W +1 V*, j = 1, . . . , [p], (s,t) G A. 
This implies that 

[Y s j tt - (y S)U ® Y U)t y\ - [Yi t - (t,u ® K,*) 3 '] 

< eCM(^[p] + l,a;(0,l))^( S ,t)^ +1 ^ j = l,...,[p], (s,t)eA. 

Now, setting A = M(g; [p] + 1, w(0, l))" 1 • Y and 5 = M(g; [p] + 1, w(0, l))" 1 ■ F, we may 
use Lemma 1^.111 to obtain that, for all j = 1, . . . , [p], (s, i) G A, 

<7(X)dX> - J*g(X)dfr\ < eCM( p]+1 u(s,ty/ p . 

Next we consider /* f(X)dX j - f g{X)dX 3 . It is easy to see from (13. 3p that 
\Y(f)i, t - Y(g) j S;t \ < CM(f - g; \p], u (Q, l))Mfe l u(a, j = h ■ ■ ■ , [p], (*, t) G A. 

Similarly, we have from (13.81) that, for j = 1, . . . , [p] and (s, £) G A, 

M/ftt - N(g)i t \ < CM(f - g- [p],u,(0, l))M^M) (H+1)/p - 
This implies that 

tn/)i t - cn/).,« ® Y{fuy\ - [Y( g y s>t - (Y( g ) s>n ® y^)^ 

< (7M(/-^;b»] ) w(0 ) l))M^ l a;( a ,t)(W +1 Vi' j = l,...,[p], ( a ,t)eA. 

Now, setting A = M^ 1 • F, 5 = M^ 1 • F and £ = M(f - g; \p],u(0, l))Mr}, we may use 
Lemma [2. Ill below to obtain that, for all j — 1, . . . , [p], (s, t) G A, 



f(X)dX>- j g{X)dX> <CM(/-p;[p],a;(0,l))Mg- 1 a;(s,£) 



This proves the second assertion. 

The third assertion is trivial from the second. I 
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3.2 Existence of solutions of differential equations 

In this subsection we check existence and uniqueness of the differential equation in the 
rough path sense. Essentially, everything in this subsection is taken from Section 6.3, 
Lyons and Qian [2"U] . 

Let V, W be real Banach spaces and let / e Cf ]+1 (W, L(V, W)). We define F £ 
Cl p]+1 (V © W, L(V © W, V © W)) by 

^0, 2/)<(e, »?)> = (£, f(y)0, y), (£, rj) e V © W. 

For given / as above and /3 > 0, we set 

^(y, fc) = - /(y - /T 1 *)), y, k e W. (3.11) 

Clearly, ^ is a map from W © W to L(V, W). 

In this section we consider the following W- valued differential equation for given X in 
the rough path sense: 

dY t = f{Y t )dX t , Y = G W. 

Note that, by replacing / with /( • + yo), we can treat the same differential equation 
with an arbitrary initial condition Yq — yo 6 W. By a solution of the above differential 
equation, we mean a solution of the following integral equation: 

Zi tt = J F(Z)dZ\ j = 1, . . . , [p], (s,t) e A, and 7t v (Z) = X. (3.12) 

Note that Z £ Gfi p (V© W) and we also say n w (Z) = Y is a solution for given X. (Here, 
7Ty and 7Tyy are the projections from V © W onto V and W, respectively.) 
As usual we use the Picard iteration: 

Z(n + 1) = J F(Z(n))dZ(n), with Z(0) = (X, 0). 

For a smooth rough path X, this is equivalent to 

dX = dX, 
dV(n + l) = f(Y(n))dX, K(n + 1) = 0. 

We may include the difference D(n) = Y(n) — Y(n — 1) in the equations: for n £ N, 

dX = dX, 
dY(n + l) = f(Y(n))dX, 

dD(n + l) = *i(Y(n),L>(n))dX. (3.13) 

By scaling by (3 > 0, we see that (I3.13P is equivalent to the following: for n £ N, 

dX = dX, 
dY(n + l) = f(Y(n))dX, 
d/3D(n + l) = V p (Y(n),PD(n))dX. (3.14) 
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Set : V © W® 2 -> L(V © W® 2 , V © W® 2 ) by 

*) ((e, ??, o) = (e, /(y)e, , y, *), (e, »?,oev© w® 2 . 

Clearly, $g is the coefficient for (I3.14p . 

Lemma 3.2 Let (3 > 1 and / fre as afrowe and define $g. Then, for any n, there exists a 
positive constant c n independent of (3 > 1 and i? > such that 

M($ /3 ;n, J R) < c n (l + R)M(f; n + 1, R), neN,R>0. 
M($ P ;Q,R) < l + (l + i2)M(/;l,fl), R > 0, 



Proof. First note that if y, -z)| = |x| + |y| + \z\ < R, then |?/ — 6f3~ l z\ < R for any 
6 G [0,1]. Clearly, \$>p(y,z)\ = 1 + \f(y)\ + [^(y, z)\. By the mean value theorem, 
^p(y, z) = Jq d6Df{y — 9/3^ 1 z)(z). Hence, we have the second inequality. 

Denoting by 7r 2 , 7r 3 the projection from V © W® 2 onto the second and the third com- 
ponent respectively, we have 

D*p(y, z) = f3(Df(y) - Df(y - /T 1 *)) o vr 2 + Df(y - (3~ l z) o tt 3 . 

We can deal with the first term on the right hand side in the same way to prove the first 
inequality of the lemma for n — 1. By continuing straight forward computation like this, 
we can prove the rest. I 



For e, S, f3 G R and a smooth rough path K lying above (k, I, m) G BV(V©W® 2 ), we de- 
fine F £t s t pK by a smooth rough path lying above (ek, SI, ftm). Then, K i— > Y £t $fiK extends 
to a continuous map from Gfi p (V©W® 2 ) to itself. (Note that T E)S> p = eld v © 5Id w © /3Id w .) 
The following is essentially Lemma 6.3.4, [20] . 



Lemma 3.3 For any r, p, f3 G R \ {0} and a geometric rough path K G Gfl p (V © W® 2 ) 
we have 



J § r {K)dK = j <$>p r (T pXP K)aT p ^K. 



Now we consider the following iteration procedure for given X G GQ p (V): 

K{n + 1) = J § x {K{n))dK{n) for n G N (3.15) 

with K(0) = (X,0,0) and K(l) = (X, f(0)X, f(0)X). Note that K(0) and K(l) are 
well-defined not only for a smooth rough path X, but also for any geometric rough path 
X. Since $i is the coefficient for (I3.13p . this corresponds to ( 13.1 3p at least if X is a 
smooth rough path. 

We also set, for n G N, 



/ 



Z(n + 1) = / F(Z(n))dZ(n) with Z(0) = (X, 0). (3.16) 
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Then, we have Tr\>(K(n)) = X and iry®yv(K(n)) = Z(n) for all n G N. These relations 
are trivial when X is a smooth rough path and can be shown by continuity for general 
X G GQ P (V). 

Now we set H(n) = Ti i ^-iK(n) for ^ and n G N. If X is a smooth rough path, 
then H{n) is lying above (X, Y(n), n ~ 1 D(n)). From Lemma [3 .3} we easily see that 

H(n + 1) = ^i,i,$ J &p»-i(H(ri))dH(n), for ^ and n G N. (3.17) 

From Proposition 13.11 and Lemma 13.21 we see the following: If K G GQ P (V © W® 2 ) 
satisfies that, for some control oj with o;(0, 1) < 1, 

\K> }t \ < cu(s, t) j / p for j = 1, . . . , [p] and (s, t) G A, 

then, for any > 1, 

t 

< (Ciw(s,t)) i/p for j = 1, . . . , [p] and (s,t) G A. (3.18) 

Here, the constant C\ > can be chosen so that it depends only on p, M(/; [p] + 1). (Note 
that M(/; [p] + 1, 1) < M(f; [p] + 1). See Lemma El Note that (i) Ci is independent of 
/3 > 1, (ii) we can take the same G\ even if we replace / with /( • + y ) for any y G W.) 

Proposition 3.4 Lei C\ as in A3.18\) and for this C\ define 5 as in Lemma \2. iA Choose 
> 1 arbitrarily and set p = (3/5. Let X G GVt p {y) such that \X 3 st \ < Cj{s,t)^ p for 
j = 1, . . . , [p] and (s, t) G A for some control function Co. 

(1) . Set 

u(s,t) = (2+ P + 2 ^°° ) p u(s,t). (3.19) 
p 

Then, for all j — 1, ... , [p] and (s, t) G A ; 

\x{ t \ < |r p>lilJ fC(i)i >t | < (pMm)) j/p . (3.20) 

(2) . Ta&e Ti > so that p p w(0,T 1 ) < 1. Then, on the restricted time interval [0, Ti], we 
have the following estimate: 

\V pX1 H{n){ tt \ < (ffco(s,t)) j/p , j = l,...,[p], (s,t) G A [0jTl ]. (3.21) 

(3) . It holds that 

\H(n)i >t \ < (ffu(s,t)) j/p , j = l,...,[p], (s,t) G A[o,Ti]- (3.22) 
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Proof. We prove the first assertion for the first and the second level paths. Proofs 
for higher level paths are essentially the same. It is obvious that \X J st \ < 2~ J u;(s, i)^ 
for j = 1,2. Since pldy © /(0) © /(0) : V -> V © W® 2 is a bounded linear map, it 
naturally extends to pldy © /(0) © /(0) : -»■ Gft p (V © W® 2 ) and r^ti^l) = 

pId v ©/(0)©/(0)X. Therefore, 

|r P ,i,iK(i)^| < (p + 2|/U)|xJ t | < (pMm)) 1/p 

and, in a similar way, 

ir^Wy < (p 2 + 4p|/U + 4|/| 2 )|x 2 t | < { P Ms,t)f p . 

Now we prove the second assertion by induction. Assume the inequality is true for n. 
Then, using (" 13 . 1 8[) with a new control function p p u, 

\j\^{Y pXl H{n))dT p ^H{ny\ < (C lP p u(s,t)y/ p 

for j = 1, . . . , [p] and (s, t) G A[ 0j ti]- By Lemma I3.3[ 

\r p , P , P ( ®^{H{n))dH{ny\ < (C lP p u(s,t)y/ p (3.23) 

J s 

for j = 1, . . . , [p] and (s, t) G A[ Tl ]. Note that 

\irvr p , P , P J ®^{H{n))dH{ny\ = |p^| < ^(ffu(s,t)y/ p (3.24) 

for j = 1, . . . , [p] and (s,t) G Atq^i. Remembering that 5 (in Lemma f2.9|) is independent 
of the control function, we may use Lemma 12.91 for (13.231) and (13.241) to obtain 

\r^-i, s r p , p , p j <$>p n -,{H{n))dH{ n y\ < (pMm)) j/p 

J s 

for j = 1, ...,\p] and (s,t) G A[ 0iTl ]. Note that T^sp-i^p^p = r^i^r^i^. Then, by 
(13.171) . we have 

|r P)1|1 ^(n+l)i it |<(/a;( S ,t))^ 

for j = 1, . . . , [p] and (s,t) G A[ ,Ti]- Thus, the induction was completed. 

The third assertion is easily verified from the second and Lemma [278| since p" 1 < 1. I 

Set Z'{n) = (Z(n),0) when X is (hence, Zin) is ) a smooth rough path. Clearly, this 
naturally extends to the case of geometric rough paths and we use the same notation for 
simplicity. Remember that K(n) = T 11 ^-( n -i)H(n) and Z'(n) = Ti t i H(n). Therefore, 
it is easy to see from Lemma 12.81 that 

|lf(n)i |t - Z'(n)i >t \ < r^V^M)^ (3-25) 
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for j = 1, ... , [p] and (s, t) G A[o, Tl ]- 

Let a : V©W® 2 — > V© W be a bounded linear map defined by a((x, y,d)) = (x, y — d). 
Then, \a\L(v®w® 2 ,V(BW) — 1- ft is obvious that aK(n) = Z(n — 1) and aZ r (n) = Z{n). 
Combined with (13.251) and Lemma |2.8[ these imply that 

\Z(n){ t - Z(n - l){ t \ < jp-^OTuMy'' (3.26) 

for j = 1, . . . , [p] and (s, t) G A [0|Tl ]. 

Since /3 > 1, the inequality above implies that there exists Z G Gf2 p (Vffi W) such that 
limjj^oo Z(n) — Z in Gf2 p (V © W). In particular, 

oo 

\Z(n){ t - Z{ t \ < j 0- {m - 1 \p p ^(s,t))^ (3.27) 

m=n 

for j = l,...,[p] and (s,t) G A[ 0Tl j. This Z is the desired solution of (I3.12p on the 
restricted time interval [0,7]]. 

Remark 3.5 Let us recall how the constants are defined. First, C\ depends only onp and 
M(f; [p] + 1). 5 depends only on C\ and p and so does p := f3/5, where (3 > 1 is arbitrary 
chosen. Therefore, the constants on the right hand side of 113.26}) and ^3.21) depends only 



on p and M(f; \p] + 1) (and the choice of (5 > 1). In particular, the constants C\, 5, C 3 
(below) etc. can be chosen independent of y even if we replace f with /(• +yo). 

From (I3.27P and Remark 13. 5[ 

\Z{ t \ < (C 3 co(s,t))^, j = l,...,[p], (s,t) G A [Q)Tl] . (3.28) 

for some constant C3 > which depends only on p and M(f; [p] + 1) (and the choice of 
> - !)• 

Now we will consider prolongation of solutions. Take = T < 7\ < • • • < Tjv = 1 so 
that fPojiTi-i^Ti) — 1 for i — 1, . . . , iV — 1 and fPujiTjsi-i, T N ) < 1. By the superadditivity 
of lj, N — 1 < p p co(0, 1) = (3p + 2|/| oo ) p w(0, 1). Hence, N is dominated by a constant 
which depends only on o)(0, 1), p, and M(/; [p] + 1) (and the choice of (3 > 1). 

On [Tj_i,T,], we solve the differential equation (I3.12p for a initial condition Yt«-i 
instead of Y = y . By Remark [3751 and Remark 1376] we see that ( I3.28|) holds on each time 
interval [Tj.^Tj] with the same C3 > 0. Then, we prolong them by using Lemma [2.101 
Thus, we obtain a solution on the whole interval [0, 1]. 

Remark 3.6 By the definition of u in Ii3.19\) . we can take the same Ti 's even if we 
replace f by /( • + yo). This is the reason why we assume the boundedness of \ f\. This 
fact enables us to use a prolongation method as above. If \ f\ is of linear growth, then the 
prolongation of solution may fail. The author does not know whether Lyons ' continuity 
theorem still holds or not in such a case. 

Summing up the above arguments, we have the following existence theorem. 
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Theorem 3.7 Consider the differential equation Il3.1fy) . Then, for any X G GQ p (V) 
there exists a unique solution Z G GQ P (V © W) of A3.12\) . Moreover, if X satisfies that 

\Xi t \<u>(s,ty'», j = l,...,[p], (s,t)E A 

for some control function Co, then Z satisfies that 

\zi >t \<(Lu(s,t))^, j = l,...,\p], (s,t)eA. 

Here, L > is a constant which depends only on u>(0, 1), p, and M(f; [p] + 1). 

Proof. All but uniqueness have already been shown. Since we are mainly interested in 
estimates of solutions, we omit a proof of uniqueness. See pp. 177-178 in [20] ■ I 



3.3 Local Lipschitz continuity of Ito maps 

In this section we will prove the local Lipschitz continuity of Ito maps. In [20] the coeffi- 
cient of Ito maps is fixed. Here, we will let the coefficient vary. This kind of generalization 
of Lyons' continuity theorem for the case [p] = 2 was done by Coutin, Friz, and Victoir 

m. , 

Let X, X G GQ p (V) and Cj be a control function such that 

\xi t \,\xi\<u(s,ty/p, \xtj-xt tt \ < eu(s,ty/r (3.29) 

for j — 1, ... , [p] and (s, t) G A. Let yo, yo G VV be initial points such that 

I2/0I, \yo\ < r , \yo-yo\<£' (3.30) 

Let /, / G Cf ]+2 {W, L(V, W)). For this / and /, we assume that, for any R > 0, 

M(f; [p] + 1), M(f; [p] + 1) < M, M(f - /; [p], i?) < e" R . (3.31) 

Essentially, e' and e" R vary only on < e' < 2r and < e" R < 2M, respectively. 

As in Theorem 13.71 and its proof, we can solve the differential equation / and / with 
the initial point yo and yo, respectively, as in the previous subsection. Set 

R := l + r + Lw(0,l), (3.32) 

where L > is the constant in Theorem 13.71 Then, the first level paths of the solutions 
satisfy that, for any n = 1, 2, . . . , t G [0, 1], 

\yo + Y(n)l tt \, \yo + f (n)J it | |y + *2tl> l^o + ^1 < - 1- (3.33) 

So, under fl3.29p - fl3.3ip . we use information of / and / only on {y G W | |y| < i?o}- 

The following is on the local Lipschitz continuity of Ito maps and is the main theorem 
in this section. 
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Theorem 3.8 Let Cj, r , R ,M, e,e',e%, X,X G GCl p (V), y ,y G W, and f,f G 
CP +2 (W,L(V,W)) satisfy / TOgD -z TOil) . Set R and e" = 4 as in (EH). We denote 
by Z,Z be the solutions of ltd maps corresponding to f,f with initial condition yo,yo, 
respectively. Then, in addition to Theorem \3. % we have the following; there is a positive 
constant V such that 



\Zi jt -Z{ t \ < (e + e' + e")(L'cj(s,t))^ (3.34) 
for j — 1, . . . , [p] and (s, t) G A. i/ere ; L' depends only on u(0, 1), p, r and M. 

For fceN and M > 0, set C^(W, L(V, W)) = {/ G C b fc (W, L(V, W)) | M(/; fc) < M}. 
We say / n ->• / in C k M (W, L(V, VV)) as n -> oo if M(/ - / n ; A;, -R) -»■ as n -»■ oo for any 
i2>0. 

Corollary 3.9 Let Z 6e the solution corresponding to X, f, y given as above. Then, the 
map 

(f, X, y ) G Cg +2 (W, L(V, W)) x Ga p (V) x W ^ Z G Gft p (V © W) 
continuous for any M > 0. 

Proof. Instead of ( 13 .30 j) and (I3.3ip . we assume that 

\yo\, \Vo\ < Ro ~ 1, |2/o-#o|<e / (3-35) 

and that 

M (/; [p] + 1), M(/; [p] + 1) < M, M(f - /; [p], i? ) < e"(:= 4J. (3.36) 

Clearly if (l3T29|) -f l3~3T|) are satisfied, then so are fl3T29|) . f l3~35|) . and f l3~36|) . Now we will 
start with (I3T29D . ( 13351) . and ( jOBjl . 

First, let us consider the case / = /, yo — yo, X ^ X. (The argument of the previous 
subsection should be modified by substitution / = /(■ + yo), etc.) We will prove by 
induction that there exists T\ G (0, 1] such that, 

\Z[n% - Z(n)i jt \ < 2e(l + M)^( S ,t)^, n G N, j = 1, . . . , [p], (s,t) G A [0 , Tl ]. (3.37) 

When n = 0, ( 1337]) clearly holds since Z(0) = (X, 0) and Z(0) = (X, 0) (with T x chosen 
arbitrarily). Now we assume that ( 13 . 3 7|) is true for n — 1. 

Let A(n) and A(n) be the almost rough path that approximate Z(n) and Z(n) as in 
(13. 161) . respectively. By straight forward computation, we see that 

\A{n% - A(n) j J < 2s(l + M)® [± + ^(0,T 1 ) 1/ %-(M,o;(0,T 1 ) 1/p )]w( S ,t)^ (3.38) 

for any n G N, j = 1, . . . , [p], (s, t) G A[ 0) Ti]- Here, is a polynomial of two variables with 
positive coefficients which is independent of n. (In the sequel, qj may vary from line to 
line.) Similarly, 

\(A(n){ t - (A(n) s , u <g> A(n){J - (A(n){ t - (i(n) SjU ® A{n)i >t ) \ 

< 2e(l + M)Wqj(M, u(0, T 1 ) 1 / p )w(s, t)(W +1 )/P (3.39) 
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for any n6N,j = l,...,[p], (s, u), (u, t) £ A^Ti]- Using the same argument as in Lemma 
12. 1 II or Proposition 13.11 we have 

\Z(n) j s>t - Z(n){ t \ < 2e(l + M)W[i + w(0,T 1 ) 1/ %-(M,c2;(0,T 1 ) 1/p )]w( S! t)^ (3.40) 

for any n £ lSS,j = 1, . . . , [p], (s, t) £ A[o,Ti]- Therefore, we can choose 7\ sufficiently small 
so that (13.371) holds. Note that the choice of 7\ independent of n. 

The case f ^ f , y = y , X = X can be done in the same way. Note that the differece 
of the [p] + 1th derivative \f^ +1 (y) — f^ +1 (y)\ is not involved in the argument. 

The case / = /, yo ^ yo, X — X can be reduced to the previous one by setting 
9 = /(• + Vo) and g = /(■ + y ). Note that \p{y + y ) - p{y + y„)| for 1 < j < [p] is 
dominated in terms of \yo — y§\ and \ f-' +1 {y)\- Thus, we have shown the theorem on the 
restricted time interval [0, Ti]. 

Now we consider the prolongation of solutions. We have obtained that \Yq T — Y^ T \ < 
CjEi, where E\ = e + e' + e" and C\ is a positive constant. Therefore, the difference of the 
initial values on the second interval [Ti,T 2 ] is dominated by | (2/0 + Yq T ) — (yo + Yq T )\ < 
e' + £1 < (1 + ci)ei. 

Therefore, from the above computation and (13. 33 p . on the second time interval [T 1; T 2 ], 
(I3.29p . (I3.35p . and (I3.36P are again satisfied, with e' in (I3.35P being replaced with (l+ci)ei. 
(Note that u, Rq, and M are not changed.) 

Thus, we can do the same argument on [Ti, T 2 ] with e' being replaced with (l+ci)ei to 
obtain (I3.34p on the second interval. Similarly, we obtain that \(yo + YQ T ) — (yo + ^oT 2 )l — 
CiE\- Repeating this argument finitely many times and use Lemma f2 . 1 ^ we can prove the 
theorem. 1 



3.4 Estimate of difference of higher level paths of two solutions 

Let p > 2 and 1/p+l/q > 1 and let / be as in the previous subsection. In this subsection 
we only consider the case / = /. For given X, the solution Z = (X, Y) of ( 13 . 12[) is 
denoted by Zx = (X,Yx)- In Theorem 13.81 we estimated the "difference" of Z x and 
Z J ~. If X e Co tq (V) C Gfl p (V), Then, Z x is an element of Co,g(W) and, therefore, the 
"difference" Z x — Z x is a W-valued geometric rough path. The purpose of this section 
is to give an estimate for (Z x — Z X Y in such a case. Note that (Z x — Z x y and Z x — Z 3 x 
is not the same if j ^ 1 . 

Roughly speaking, we will show that ||(Zx+a — ^aYIIp/j ^ C(ci, kq, /)^(X)- j for A £ 
Co }q (V) and X £ GQ P (V) with ||A|| 9 < c\ and £(X) < kq- Since this is a continuous 
function of (X, A), we may only think of X lying above an element of Co, g (V). Note also 
that if we set 

bl 

u(s,t) := ||A||; jM + K ^\\ X X/j, M > ( here ' we set K ■= 
3=1 

then this control function satisfies that co(0, 1) < c\ + [p], |Aj t | < u;(s, t) 1 / 9 , and |Xf J < 
/t J w(s,t) J '/ p . 

First we prove the following lemma. Heuristically, k > is a small constant. 
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Lemma 3.10 Let k > 0. Assume that a control function Cj, A G Co ;(? (V) and X G 
Gf2 p (V) ; and k G [0, kq] satisfy that 



\Kt\ <^(s,t) 



1/9 



X S J J < J = 1, . . . , [p], G A. 



Then, there is a positive constant C which depends only on k q , a)(0, l),p, M(f; [p] + 1) 
such that 

(/c-^A^x+a)^ < Cu)(s,t)rt, s < t. 

Here, the left hand side denotes the jth level path of a V® 2 © W -valued geometric rough 
path and Yx+a denotes (the W- component of) the solution of AS.lfy) for X + A. 



Proof. We will proceed in a similar way as in the previous subsection. We define F G 
]+1 (V® 2 © W, L(V® 2 © W, V® 2 © W)) by 

F^y) 7?)} = (£,£', /(!/)(£ + 0). ^ (x,x',y),(^,e,v) e V® 2 © W 

and define ^ : V® 2 © W® 2 ->• L(V® 2 © W® 2 , V® 2 © W® 2 ) by 

Qpix, x>, y, z) ((£, c, o> = (e, c, + a + eo) , 

for /3 > and ( 

),(£,£',»7,0 e V® 2 © W® 2 . Note that <& p satisfies a similar 
estimates as in Lemma 13.21 

Instead of (I3.12p . we now consider 

Zi tt = I F(Z)dZ\ j = 1,2,..., [p},(s,t)e A, and7r v e 2 (Z) = (X,A). (3.41) 

J s 

It is easy to check that the solution of this equation is (X, A, Yx+a)- 

In order to solve (13.41)) . we use the iteration method as in (13. 13)) or (13. 14j) . More 
explicitly, 

dX = dX, dA = dA 
dY(n + l) = f(Y(n))d(X + A), 
d/3D(n + l) = typ(Y(n), f3D(n))d(X + A). (3.42) 

Now consider the iteration procedure for given (X,A) G GQ p (V) x Co i9 (V) and for F 
and $i as in (13. 15j) and ( I3.16p . Also define K(n) and Z{n) as in (13. 15j) and ( I3.16P with 
K(0) = (X,A,0,0) and K(l) = (X, A, f(0)(X + A), f(0)(X + A)). 

Set H(n) = T K(n) = (X, A, Y(n), j3 n ~ l D(n)). Then, in the same way as in 
(13.171) . we have 

H(n + 1) = T WiP J Qpn-i (H{n))dH{n), for (3 ^ and n G N. (3.43) 

Slightly modifying Proposition 13.11 and Lemma [3.21 we see from the estimates for ^ 
the following: If K G Gfi p (V® 2 ©>V® 2 ) satisfies that, for some control u with tu (0, 1) < 1, 

|ri /K ,i,i,i^| < M^ty /P for j = i, ... , [p], ( s ,t) g a 
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then, for any /3 > 1, 

|r 1/K)ljl)1 jy^K)dRi\ < {C x u Q (a,t))"* for j = 1, ... , [p], (s,t) G A (3.44) 

Here, C\ > is a constant which depends only on Ko,p,M(f; [p] + 1). (See Lemma [3721 
Note that (i) C\ is independent of (3 > 1, (ii) we may take Ci independent of yo even if 
we replace / with /( ■ + yo).) 

Let C\ as in (I3.44p and for this C\ define 5 as in Lemma [2791 Choose /3 > 1 arbitrarily 
and set p = /3/5, where 5 is given in Lemma 12.91 As in (13. 4p . there exists a constant 
c = c(ko,p,p, \f\oo) suc h that u;(s, £) = aD(s, t) satisfies that , for all j = 1, . . . , [p] and 
M) e A, 

{(K-^AfJ < ^(s,ty/*>, \r p/KtPil>1 K(l){ t \ < {ffu(s,t)Y /p . (3.45) 

Now we will show that, for T\ e (0, 1] such that w(0, T%) < 1, it holds on the restricted 
time interval [0, T\] that 

|rp/«, Pl i,i^(7i)i t | < { P p u(s,t)) j/P , j = [p], (s,t) G A [0 , Tl ]. (3.46) 

We use induction. The case n = 1 was already shown since H(l) = K(l). Using 
(I3.44p for p p co, we have 

|ri/«,i,i tl / V-i(r PiPililJ ff(n))rfr PiPilil if(n) J | = \T p/Km j ^^-i{H{n))dH{ny\ 

J s J s 

< (C lf ?u(s,t)Y' p . (3.47) 

By projection onto the V® 2 -component, 

\7r v mT p/K , p , p , p $pn-i{H{n))dH{ny\ = y^XMd < \{p P "M) :ilP (3-48) 
We may use Lemma 12.91 for (I3.23P and (13.241) to obtain 

\ri,i,5p-i, s r p/K>p>p>p J ®p n -i(H(n))dH(ny\ < ( P p u(s,t)y/ p 

From this, we see that (I3.46P for n + 1. Hence we have shown (I3.46P for any n. From 
(13.461) . it is easy to see that 

|r 1/Miljl #(< t | < (ffu(s,t)) j/p , j = l,...,[p], (s,t) G A [0)Tl ]. (3.49) 

In the same way as in (I3.25l) - (l3.28p . we obtain from (I3.49P that 

|ri/ M ,i££ t | < (C 3 u(s,t)y /P , j = l,...,\p], (s,t) G A [0jTl ]. (3.50) 

for some constant C3 > which depends only on Ko,p, and M(f; [p] + 1) (and the choice 
of $ > 1). 

Note that (I3.50P is the desired inequality (on the restricted interval). By prolongation 
of solution we can prove the lemma. I 
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For X and A as above, set Q = Q(X, A) := Y x +a — Yv- Clearly, 
dQ = f(Y x+A )dX + [f{Y x+A ) - f(Y A ))dA. 



Lemma 3.11 Let k,q > 0. Assume that a control function Cj, A G Co, 9 (V) and X G 
Gf2 p (V) ; and k G [0, k ] satisfy that 

|Aj it |<a)( aj 1/a , ra<(K£M)) i/p j = l,...,[p], (M)£A. 

TTien, i/iere is a positive constant C which depends only on Ko,&(0, l),p,M(f; [p] + 2) 
such that 



{K- l X,k,Y x+A ,Y K ,K- l QY st < (Cu(s,t)) 



\j/p 



j = l,...,[p}, (s, t) G A. 



Here, the left hand side denotes the jth level path of a V® 2 © W® 3 -valued geometric rough 
path. 



Proof. In this proof, the positive constant C may change from line to line. As before we 
may assume that X G C 0tq (V). Recall that A G C ,q(V) i— > Y A G C 0) g(W) is continuous 
and there exists a constant C > such that K^a)^! < Cu(s, t) 1 ^. Combining this with 
Lemma [3. 10^ we have 

(k-^A.Yx+a^a)^! < (Cu(s,t)y/>, j = (s,t) G A. 

From Lemma [3.10[ we easily see that, for some constant C > 0, 

(k- 1 x,a,y x+a ,y a ,k- 1 J f(Y x+A )dX) j %t \ < (Cu>(s,t)Y'*, j = e A. 

Note that from the local Lipschitz continuity of (the first level path of) the Ito map 
(Theorem 13.81) . we see that, for some constant C > 0, 

k- 1 j\f(Y x+A ) - f(Y A )]dA\ < Cu(s, tf'\ j = 1, . . . , [p], (s, t) G A. 



Here, the left hand side is the Young integral. From these, we can easily obtain the 
theorem. I 



4 A stochastic Taylor-like expansion 

4.1 Estimates for ordinary terms in the expansion 

In this section we will estimate ordinary terms in the stochastic Taylor-like expansion 
for Ito maps. Let p > 2 and 1 < q < 2 with 1/p + 1/q > 1 and let V, V, W be real 
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Banach spaces. Let a G C 6 °°([0, 1] x W, L(V, W)) and b G C 6 °°([0, 1] x W, L(V, W)). Here, 
[0, 1] x W is considered as a subset of the direct sum R©W. We will consider the following 
ODE: for e > 0, X G G£l p (V), and A G C 0jg (D), 

rfy/ £ ) = a (e, Y t (£) )edX t + 6(e, F t (e) )dA t , F (e) = (4.1) 

Note that if X is lying above an element of Co j(? (V), then (14. ip makes sense in the q- 
variational setting. 

More precisely, the above equation (14. Xp can be formulated as follows. Define a by 
a = a op 1 + b op 2 , where p\ and p 2 are canonical projection from V © V onto the first and 
the second component, respectively. Then, a G C£°([0, 1] x W, L(VffiV, W)). We consider 
the Ito map $ e : GQ P (V © V) — > GQ P (W) which corresponds to the coefficient a(e, •) 
with the initial condition 0. If X G C Q)? (V) and A G C 0i9 (V), then (X, A) G C , g (V © V). 
This map naturally extends to a continuous map from GQ P (V) x Co )( j(V) to GQ P (V © V) 
(see Corollary I3.9p . The precise meaning of flUD is that = § £ ((eX,A))i. 

Remark 4.1 In Azencott J&j/, he treated differential equations with the coefficients of the 
form a(e,t,y) and b(e,t,y). ODE j4-lty , however, includes such cases. In order to see 
this, set W = W © R, V' = V © R, A^ = (A t ,t), and add to the following trivial 

equation; dYj. = dt. 

We set Y° = $°((1, A))i, where 1 = (1, 0, . . . , 0) is the unit element in the truncated 
tensor algebra (which is regarded as a constant rough path). Note that A G Co i(2 (V) h-> 
Y° G Co, q (W) is locally Lipschitz continuous (see [2PJ). 

We will expand Y^ in the following form: 

^ y° + £ y! + £ 2 y 2 + e 3 y 3 + . . . as e \ 0. 

(Note that y fc does NOT denote the fcth level path of Y. The kth level path of Y^ will 
be denoted by (Y^) . Similar notations will be used for I k and J k below. This may be 
a little confusing. Sorry.) By considering a (formal) Taylor expansion for a(e, Y t {e) ) and 
6(e,y/ £ ' ) ), we will find explicit forms of Y n (n G N) as follows. (Or equivalently, we may 
formally operate (n!) _1 (d/de) n at e = on the both sides of (14. ip ). 

dY t n -d y b(0,Y t °)(Y t n ,dA t ) = dI? + dJ?, (n g N) (4.2) 

where I n = I n (X,A) and J n = J n (X,A) are given by 

dl\ = a(0, Y t °)dX t , dj\ = «9 £ 6(0, Y t °)dA u 

(4.3) 
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with Jq = Jq = 0, and, for n = 2, 3, . . ., 

n— 2 n—l—j 

i=o k=i { i 1 ,...,i k )es%- l -i J ' 

n-l n-j -J 

rfJ * n = EE E ^Wo.iflff 

j =1 *=i (ti,...,< fc )esj- j 

n 

+ E ^X^V • • , ^^A t ) + ^#6(0, l^dA, (4.4) 

fc=2 

with 1^ = Jq = 0. Here, <9 £ and d y denote the partial Frechet derivatives in e and in y, 
respectively, and 

S? = . . . , i k ) G N k = {1, 2, . . .} k \i l + • • • + i k = m}. 

Now we define functions which appear on the right hand sides of (14.31) and ( 14.41) . Let 
X n -i = V © V © VV® n . An element in X n -i is denoted by v — (x, x; y°, y 1 ,..., y n_1 ). 
Partial Frechet derivatives are denoted by d x , d y i, etc. and the projection from X n _\ onto 
each components are denoted by p x , p y i, etc. Set fi,g\ G C^° loc (X , L(X , W)) by 

/^y ) = (7(0, y°) o Pa; , gi (y°) = d £ b(0, y°) o Pl . (4.5) 

For n = 2, 3, . . , set /„, o n G C 6 % c (* n -i, L(* n _i, W)) by 

n— 2 n—l—j 

/nG/ ,...,!/- 1 ) = [EE E W did k y a(0,y°)(y-,...,y^,.) 

3=0 fc=l (n,...^)^™- 1 ^ 



(n-l) 

n-l n-j , 

n i i -, 

+ Em#'^^--^V> + ^ ^°)J ( 4 - 6 ) 

fc=2 

Clearly, the functions / n and # n are actually independent of x and 

Lemma 4.2 Let /„ and g n be as above and 5 > 0, C > 0, r G N. For £ = (£ 1; . . . , £ r ) G 
{0, . . . , n — l} r , we set |£| = XlL=i £fc- ^/len, on the following set 

{(n ,...,^ 1 ) | <C(l + 5Yfor0<i<n-l}, 
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it holds that, for any £ such that |£| < n — 1, 

\dlf n {x,x- lV \...,y n ^)\ < C'(l + 5) n -Hei 
Here, <9£ = d y ^ ■ ■ ■ d y s r and C is a positive constant independent of 5. If |£| > n — 1, then 

q.f, o. 

Similarly, it holds on the same set that, for any £ such that |£| < n, 
I^Ca:, fjy ,...^"- 1 ) | < C'(l + 5) n -M. 
If |f | > n, then d\g n = 0. 



Proof. This lemma can be shown by straight forward computation since /„ and g n are 
(i) in w°-variable and (ii) "polynomials" in (y 1 , . . . , y n ~ 1 )- variables. I 

In fact, we can compute <9£/ n = ■ ■ ■ d y ^ r f n explicitly as follows. 

Lemma 4.3 Let f n (n = 1,2,.. .) be as above and r = 1,2,.... For £ = (£i, . . . ,£ r ) G 
{0, . . . , n - l} r , set n = ${k | 1 < k < r, £ fc ^ 0}. T/jen, »/ |£| < n - 1, 

(dlf n )(y°,...,y n - 1 ) 

= [E E E i w jj(j^^-M0,y o )(y 4l ,... ) y < *-- ) -> 

(u,...,i fc _ M )GS^~ 1 



(n-i-iei)i 



^— — T ^- 1 -' c lff(T(0,y ) 



Pttl,..^r,*)- 



i/ere, the right hand side is regarded as in L r+1 (X n ^i, . . . , Xn-i; W). Note that if |£| = 
n — 1 £/ie /irsi term on i/ie hg/ii /iand is regarded as zero. If |£| > n — 1, <9£/ n = 0. 

Proof. We give here a slightly heuristic proof. However, since the difficulty of this lemma 
lies only in algebraic part, it does not cause a serious trouble. 
From the Taylor expansion for a 

k 

ea(e,y° + Ay) ~ -^-did k y a(0,y°)(Ay, . f . , Ay, •), 

Ay ~ e V + £ 2 y 2 + eV H , as e \ 0. (4.7) 

Then, we get a linear combination of the terms of the form 

(In this proof we say the above term is of order j + 1 + ii + • • • + £&.) Recall that the 
definition of / n is the sum of terms of order n in the right hand side of (14. 7J . 
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Let us first consider d y af n (s ^ 0). Then, if n — s > 0, d y sf n (y°, . . . ,y" *) is the sum 
of terms of order n — s of the d yS -derivative of ( 14. 7p . which is given by 

k-i 

E TV ^ a(0 ' 2/ )<S~^~A^, " >. £ V + eV + • ■ ■ ■ 

Picking up terms of order n, we easily see d y sf n (y°, . . . , ?/ n_1 ) is given as in the statement 
of this lemma. The case for d y of n is easier. 

Thus, we have shown the lemma for r = 1. Repeating this argument, we can show the 
general case (r > 2). I 

We set some notations for iterated integrals. Let A 1 be real Banach spaces and let (ft 1 
be .A 1 - valued paths (1 < i < n). Define 

l n [<j)\ . . . , n ] M = / ® • • • ® e A ® • • • ® A 

^ s<ni<---<M„<t 

whenever possible. (For example, when <p l G C*o,g(^4j) (1 < % < n) for some 1 < g < 2.) 

Let £> l be real Banach spaces (1 < i < n) and B = ®™ =1 Bi. For n G IT n and 
&i <g) • • • <g) & n G S, we write 

7T(6i g) • ■ • ® 6„) = (6^-1(1), • • .,&*-!(«)) G 6^-1(1) ® • • ■ ® Bjr-i^) 

Let C = and consider C® n . The (ix, . . . , i n )-component of r] G C®" is denoted 

by 77^'-^) G A il ® ■ ■ ■ <g> An- Clearly, Ei<» 1 ,.„,i n <m 7 ? (<1 '""' <n) = V- Le * V> = • • • ,^ m ) 
be a nice path in C. The nth level path of the rough path lying above ip is I n [ip, . . . , ip}. 
The action of 7r G IT n in component form is given by 

(ttT^, . . .^Ut) {il ""' in) = nT[^\. . . ,^<")] M . (4.8) 

This equality can be verified by straightforward computation. 

Now we state our main theorem in this subsection. In the following we set 

M 

£(X) := W^W'J/j for X e ^(V) (or X G GQ P (V)). 

i=i 

Here, X- 7 denotes the j'th level path of (the rough path lying above) X. Clearly, £(rX) = 
|r|£(X) for r G R. In the following we set ^(—2) = 1, v{— 1) = 0, and z/(z) = i for z > 0. 

Theorem 4.4 T/ie map (X, A) h> (X, A, Y°, . . . , F n ) extends to a continuous map from 
Gtt p (V) x C 0)(? (V) to Gfip^). Moreover, for any X G C 0)(? (V) and A G C ,,(V), i/iere 
exists a control function u = ux,a such that the following (i) and (ii) hold: 

(i) For any (s,i) G A, X G C 0>q (V), A G C ,«(V), j = l,---,[p], and ii,...,^ G 
{—2, — 1, . . . , n} ; holds that 

\l j [Y h ,...,Y% >t \ < (1 + £(X)y (il)+ - + ^ ) uj(s,ty /p (4.9) 

idere, /or notational simplicity, we set Y~ 2 = X , Y^ 1 = A. 

(ii) For any r > 0, there exists a constant c = c(r) > such that 

sup{w(0, 1) | X G C , g (V), A G C 0l ,(V) tflitb ||A||, < r} < c. 
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Proof. In this proof, c and u may change from line to line and we will denote S = £(X). 
We will use induction. The case n = is easy, since the map A G Co, 9 (V) i— > Y° G Co, g (W) 
is locally Lipschitz continuous (see [20] ). Now we assume the statement of the theorem 
holds for n — 1 and will prove the case for n. 

Set Z n ~ l = (X, A, Y°, . . . , Y n ~ l ) for n G N. Then, it is obvious that 



(x, a, y°, . . . , r- 1 , r) = y (id^-x © /^(z™- 1 )^"- 1 . 

By using (I3.3p - (l3.7p . we will estimate the almost rough path H G Afi p (A' n ), which defines 
the integral on the right hand side. 

Let 1 < k < \p\. We consider the i = (ii, . . . , ^-component of S fc , where —2 < ij < n 
for all j = 1, . . . , k. Set Af(i) = {j \ ij = n}. Note that, if j A/"(i) (equivalently, if 
ij 7^ n), then 1 = (Z 1; . . . , 4) in the sum of 13.31 must satisfy Ij = 1. 

We will fix such an 1. For j ^ A/"(i), set Lj := p ij (the projection onto the Zj-component) 

and rrij = = ij. For j G A/"(i), set nx, = (mj, . . . , 1 ), = (mj, . . . , m? \ —2), 
and 

E ^; 1 /n(^r l )=: E /,; n . (4.10 

111 {II /< I } m^O,...,?!-!}^ 1 

Then, from (13. 3p . 

= E[ E (^i $5 • • • ® ^)( ^ [ttC^- 1 )! 11 , ]^--^))] . (4.11) 

The sum is over such l's. From (I4.8P and the assumption of induction, we easily see that 
|[7r(Z n - 1 )i I i] (m 'i'-' m 'fc ) | < c(l + 5y {ai '^-^ ) u(s,t) k/p , (4.12) 

where v(m' 1 , . . . ,m' k ) := E;=i Er=i ^l™])- Combining this with Lemma |4.2[ we have 
that 

| [E k s>t ] « | < c(l + t) fc/p , fc = 1, . . . , [p], (a, t) G A, (4.13) 

Next we estimate i-component of E* t — (H Sjtt ® S Ui () fc for s < u < t. For that purpose, 
it is sufficient to estimate Ri(x,y) in (13.51) for / = Id^n_i © /„. If i ^ n, ith component 
of Ri(x, y) (that is equal to Ri(x, y) for the projection vanishes. From Lemma H~2l the 
nth component R(f n )i(Zg~ 1 , Z^~ l ) satisfies the following: for m, as above, 

I! de %} 9 - % 1 m ' l+1 ^ f ^ 1 + d ( zn ~%«) (( zn ~%ur i]p] ' l+1) ) 

< c(l + ^(X)) n - 1 - (m i + - +m j~ 1 ), if m) + ■ ■ ■ + m\- 1 < n - 1. 



Here, the left hand side is regarded as a multilinear map from Y m i x • • • x Y m i x X. If 
mj + • • • + m 1 ^ 1 > n — 1, then the left hand side vanish. 

Denoting by Lj the left hand side of the above inequality, we can do the same argument 
as in Qj| - ip5| to obtain that 

[S h Stt - (H SiU ©S M ) fc ] (i) < c(l + 5)^u(s,t)^ +1 ^ (4.14) 
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From (j4TT3l - (01 ). (X, A, Y°, . . . , Y n ~ x , I n ) satisfies a similar inequality to gS} (with 
Y n in (14. 9p being replaced with J n ). 

Now, by the Young integration theory, we see that \J?-J™\ < c(l + S) n u{s,t) 1 / q , which 
implies that (X, A, Y°, . . . , Y n ~ l , I n + J n ) satisfies a similar inequality to (14. 9[) (with Y n 
in (j4.9p being replaced with I n + J n ). 

Set dVt t = d y b(0, Y t °)(- , dA t ) and set M = M(A) by dM t = dVL t ■ M t with M = Id w . 
It is easy to see that A G Co, q (V) h> M 6 C g (L(W, W)) is continuous (See Proposition 
|2~5]) . Also set M = Id*^ ©M £ C q {L{X n _ x , X n _ x )). Then, applying Duhamel's principle 
(Corollary E2D for M and ( y rX,Y°,rY 1 , . . . , r^Y 71 ' 1 , r n (I n + J n )) with 1/r = (1 + 5), 
we obtain (rX, K°, rY 1 , . . . , r n - l Y n ~ 1 1 r n Y n ). This completes the proof. I 



4.2 Estimates for remainder terms in the expansion 

In this subsection we give estimates for remainder terms in the stochastic Taylor-like 
expansion. We keep the same notations as in the previous subsection. If X G Co i(? (V) and 
A G C 0j9 (V), then 

qu+Hs) = Qn+i,(e)( Xj A) := Y {e) - (Y° + eY 1 + ■ ■ ■ + e n Y n ), e G [0, 1] 

is clearly well-defined. We prove that the correspondence (X, A) i— > Q n+1 '^ e \X, A) extends 
to a continuous map from GQ P (V) x C , q (V) to GQ P (W) and that Q n+l ^ £ \X, A) is a term 
of "order n + 1" . 

For simplicity we assume that X G Co l9 (V) and A G Co i(2 (V). From ( j4. II) and (I4.2p . we 
see that 

rf Q«+M £ ) _ d y b(0,Y t °)(Qt +1 ' i£ \dA t ) = a(e,Y t {£) )edX t - Y,^ dI t 

k=l 

n 

+6(e, F/ £) )dA t - 6(0, F t °)dA t - d y &(0, Y t °) (Y t {£) - Y t °, dA t ) - ^ e k djj°. (4.15) 

fc=i 

Note that I k and J fe (k = 1, . . . , n) depends only on K°, Y 1 , . . . , Y n_1 , but not on K n . 

Set X n = V© V©W e ™ +2 . An element in X n is denoted by (x, x; y' 1 , y ,..., y n ). Then, 
in a natural way, f n ,g n G C%° loc (X n , L(X n , W)) and Lemmas 14.21 and [4.31 hold with trivial 
modification. 

In the following theorem, we set for simplicity 

Z n,(e) = z n >&(X, A) := (eX, A, Y (e \ Y°, eY 1 ,..., e n ~ l Y n - 1 , Q n ' (e) ). 

This is a valued path. We also set Y' 1 ^ = e*Y* for < i < n - 1, F n ' (e) = Q n ' {e) , 
Y -Ue) = Y ( £ ), f- 2 -( £ ) = A, and Y~ 3 '& = eX. Then, Z n ^ = (Y~ 3 , . . .,Y n ). We define 
u(i) = i for i > 0, = i/(-2) = 0, and i/(-3) = 1. 

Theorem 4.5 For eac/i neN and £ G [0, 1], the map (X,A) ^ Z n ^ e \X,A) extends to 
a continuous map from GQ P (V) x Co i9 (V) to GQ p (X n ). Moreover, for any X G Co i9 (V) 
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and A E Co )9 (V), t/iere exists a control function u> = u>x,a such that the following (i) and 
(ii) hold: 

(i) For any (s,t) E A, X E C , 9 (V), A G C 0j9 (V), J = 1, •••,[?], <md z s G {-3, -2, . . . ,71} 
(T < s < j'j, z£ /ioWs t/iat 

P^ 1 '^,...,^^]^! < (e + e(eX))^ l)+ - + ^ ) u;(s,t) j/p (4.16) 

(ii) For any r 1; r 2 > 0, t/iere exists a constant c = c(r±, r 2 ) > depending only on r 1; r 2 , n 
snc/i that 

sup{w(0, 1) | X E C , q (V) with £(eX) < n, A E C , q {V) with \\A\\ q < r 2 } < c. 

Proof. In this proof the constant c and the control function u may change from line to 
line. As before we write 5 = £,{X). We use induction. First we consider the case n — 1. 
The estimate of the difference of $ e (X, A) and $ e (l,A) is essentially shown in Lemma 
13.111 The estimate of the difference of $ e (l, A) and $°(1, A) is a simple exercise for ODEs 
in q- variational sense. Thus, combining these, we can easily show the case n — 1. 

Now we assume the statement of the theorem is true for n, and will prove the case for 
n + 1 . First we give estimates for the first term on the right hand side of ( I4.15P . Slightly 
modifying the definition of Z n > (£ \ we set Z n ^ = (X, A, Y (e \ Y°, . . . , Y n ~\ Q n ^). We 
also set 

n 

F^\y~\ y ,..., y- 1 ) = sa(e, y' 1 ) - £ e k f k (y°, . . . , y*" 1 ). (4.17) 

k=l 

Then, F^ E Cfi oc (X n , L(X n , W)) and := h$ © F^ E C%° loc (X ni L(X n , X n+l ). Here, 
hn E L(X n , X n ) is defined by 

h^\y~\ ...,y n ) = (ey-\ y~\ y~\ y°, ey\ . . . , ^"V" 1 , y n ). 

We now consider / F^ £ \z n ^)dZ n ^ . 

Since it is too complicated to give at once estimates like ( 13 .3p for all the components 
of all the level paths of the above integral, we first consider (I3.3P for the first level path 
of the last component of the above integral, i.e., [J Fn\z n, ^)dZ n ^] 1 . Substitute % = 1, 
/ = Fn \ and X = Z n ^ in (13. 3p . Then, (the first level of) the almost rough path G 
which approximates [J Fn\z n, ^)dZ n,<y£ ' > ] 1 satisfies that 

M 

[Q i r+ i := Y J D l - 1 F^\z:^){[Z n ^ t ). (4.18) 
i=i 

Here, D denotes the Frechet derivative on X n . 

Now we estimate the right hand side of ( I4.18p . Choose I and fix it. The contribution 
from the first term on the right hand side of (I4.17P (i.e., ecr(e, y -1 )) is given as follows; 

d l - l a{e^){X l [Y^\ . . . ,Y^,eX) s>t ). (4.19) 
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By the Taylor expansion for a, 

e #-V( e ,yW) 



j,k;j+k<n—l 

Y (e) = y° + eY 1 + ■ ■ ■ + e^Y 11 - 1 + Q n ' {£) . 

with \eS n \ < c(e + e5) n+1 . Therefore, (I4.19P is equal to a sum of terms of the following 
form; 

j^$- 1+k dla{E,Y°)(Y^ e \ . . .^Y l s k ^-X l [Y ik +^ £ \ . . . , Y il ~ 1+k ^ £ \ eX] Stt ) . (4.20) 

Here, 1 < ii, < n and < Zjt+i, ■ ■ ■ , ii-i+k < n - We say this term is of order 
+ Yla=\ k Kv)> since this is dominated by c(e + e5) 1+j+ ^~^ +k v ^u(s, t) l / p . Note 
that, if a term of this form involves Y n '^ = Q n, ( e \ then its order is larger than n. 

Let m < n. It is sufficient to show that the terms of order m in (14.201) cancel off with 

= e m J2 d l f 1 f^(Y^...,Y s m - 1 )([AY ( \...,Y^-\X} s ,}. 
gejo,...,™-!}'- 1 

By Lemma H~3l and its proof, this cancels off with all the terms of order m in (I4.20p . (Note 
that I — 1, m, k, and (ik+i, • • • , H-i+k) i n (I4.20p correspond to r,n,k — fi, and . . . , £ r ) 
in Lemma |4.3[ respectively.) Hence, D l ~ 1 Fn\Zs )([Z n '^] l s t ) is dominated by c(e + 
e8) n+1 co(s, t) l l p . Thus, we have obtained an estimate for (I4.18p . 

Let 1 < k < [p]. We consider the i = (z'i, . . . , z^)- component of B fc , where —3 < ij < 
n + 1 for all j = 1, . . . , k. Set Af(i) = {j \ ij = n + 1}. Note that, if j ^ A/"(i) (equivalently, 
if ij^n+1), then 1 = (li, . . . , Ik) in the sum in 13.31 must satisfy lj — 1. 

We will fix such an 1. For j ^ A/"(i), set Lj := e u ^^pi j if z'j 7^ n and Lj := pj. if 
ij = n and also set nx,- = = ij. For j G A/"(i), set nij = (mj,...,m^ X ), m'j = 
(ml . . . , m /j 1 , —3), and 



L . = D^F^iz:^) = Yl ^; 1 ^ £) (^ n ' {£) ) 



o p m i . 



mje{0,...,n-l}'j 



Then, from (13. 3p . 



[©s,j (i) = E( L ^---®^XE 7r ^ n,(£) )i I i> 

1 well! 
= J>! ® • • • ® L fc )<X fc [(^^)^., . . . , (^%]>. (4.21) 



1 

The sum is over such l's as in (13.31). 
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Now we estimate the right hand side of (j4.2ip . Fix 1 for a while. For j A/"(i), Pairing 
of Lj and (Z n, ^) lj is clearly of order u(ij). For j G A/"(i), consider the pairing of Lj and 
(Z™>( £ ))^. Then, we can see that the same cancellation takes place as in fl4.17p - fl4.20p and 
that this is of order n + 1. If we notice that, for nice paths ip 1 , . . . , tp^, 

x k [x h . . . , x h \^ h+ \ . . . , ^ h+l %,, . . . , S)t 

then, by using (I4.16P for n, we obtain from the above observation for f)4.2ip that 

|[ey (i) | < c{e + e5Y (il)+ - +u ^ ) uj{s,t) k / p . (4.22) 

Next we estimate Ri(X s , X u ), (s < u < i) in O with / = F^ e) and X = Z n ^ (since 
Ri of other components in Fn^ clearly vanish). Fix 1 < I < \p]. From (I4.17p . the first 
term in i2,(#)(J?' (e) , Zu Xe) )((Z n ^) l ufi ) is given by 

1 dd %\ 9 ~l)\ d * ](T{£ ' Y ^M Y Xu\ m ' l+ \Ay {£ \ - , Y (£ \ eXU), (4.23) 

where Y^ u . 9 := + 6{Y £ ) l su . Then, by expanding this as in the previous section, we can 
see that the same cancellation takes place as in fl4.17p -f l4.20p and that 

i^(i 7i i £) )(^ (£ U u n ' (£) )((^ (£) )L,)i < c( £ +^r+MM) (bl+1)/p . 

This implies that 

[p] 

m, t - ®iu - ©u n+l i < E i^(^ £) )(^ n ' (£) , ^' (£) )<(^ {£) )Ui 

i=i 

< c{e + e5) n+1 uj{s,t)^ +1 ^ p , s<u<t. 

From fl3.5p - fl3.7p and the above estimate for Ri, we may compute in the same way as 
in fl4T2TT) - (Q2)) to obtain that 

| [©5,t - ® 6«,t)*] (l) I < c(e + e<J)" (il)+ "" +, ' (i * ) w(s, i)(M +1 >/* (4.24) 
From f)4.22p and f)4.24p we see that the map 

/n 
a(e,Y^)edX -^e k I k ) 
k=i 

is continuous and satisfies the inequality (I4.16P for n + 1 (with Y n,<yE ^ and y n+1 >( £ ) being 
replaced with Q n ^ E ) and f cr(e, F^ecLY" — J2k=i ek I k -< respectively). 

By expanding f b(e, Y^)dA in (JHSD with Y^ = Y° + ■ ■ ■ + e^Y^ 1 + Q< z \ we see 
that 

/t n 
(b(e, Y^)dA u - 6(0, Y®)dA u - d y b(0, Y°)(Y& _ dA u > - ^Vd./*) 
k=i 

< c(e + e<$) n+1 w(M) 1/5 - 
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(Thanks to the third term d y b(0, Y u °) (Y u (e) - Y®,dA u ), all the terms that involve Q n ' (e) in 
the expansion are of order n + 1 or larger.) 

Let K n+1 '^ be the right hand side of (14,15]) . From these we see that the map 

(X, A) H- (eX, A, F {£) , y°, eY\ e^Y^ 1 , Q n > {£ \ K n+1 > {e) ) 

is continuous and satisfies the inequality (I4.16P for n + 1 (with y n >( £ ) and y n+1 >( £ ) being 
replaced with Q n '^ and K n+l,<y£ \ respectively). 

By applying Duhamel's principle (Lemma 12 . Tf) in the same way as in the proof of 
Theorem 14.41 in the previous subsection, we see that the map 

(X, A) ^ (eX, A, Y {£ \ Y°, eY\ . . . , e"" 1 ^" 1 , Q n ^ £ \ Q n+1 ^) (4.25) 

is continuous and satisfies the inequality (I4.16P for n + 1 (with Y n ^ and y n+1 >( £ ) being 
replaced with Q n '^ and Q n+1 ^ £ \ respectively). 

Finally define a bounded linear map a G L(V n+1 , V n+ i) by 

a(y-\ ...,y n , y n+1 ) = (y~ 3 , ...,-y n + y n+ \ y n+l ) 

and apply a to (14.251) . which completes the proof of Theorem 14.51 I 

5 Laplace approximation for Ito functionals of Brow- 
nian rough paths 

In this section, by using the expansion for Ito maps in the rough path sense in the previous 
sections, we generalize the Laplace approximation for Ito functionals of Brownian rough 
paths, which was shown in Aida [2] or Inahama and Kawabi [15J (Theorem 3.2). In this 
section we always assume 2 < p < 3. 

5.1 Setting of the Laplace approximation 

Let (V, 7i, fi) be an abstract Wiener space, that is, V is a real separable Banach space, 
% is a real separable Hilbert space embedded continuously and densely in V, and fi is a 
Gaussian measure on V such that 

/ exp( v /Z T(0, x))fi(dx) = exp(-||0||^/2), for any G V*. 
Jv 

By the general theory of abstract Wiener spaces, there exists a V- valued Brownian motion 
w = (wt)t>o associated with [i. The law of the scaled Brownian motion ew on P(V) = 
{y : [0, 1] — > V|continuous and y = 0} is denoted by P e (e > 0). 

We assume the exactness condition (EX) below for the projective norm on V® V and 
fi. This condition implies the existence of the Brownian rough paths W. (See Ledoux, 
Lyons, and Qian [18].) The law of the scaled Brownian rough paths eW is a probability 
measure on GQ P (V) and is denoted by F £ (e > 0). 



38 



(EX): We say that the Gaussian measure /i and the projective norm on X <g> X satisfies 
the exactness condition if there exist C > and 1/2 < a < 1 such that, for all n = 1, 2, . . ., 



n 

E [|y~i^2i-i ® ^ 

1=1 



< Cn c 



Here, {?7i}^i are an independent and identically distributed random variables on X such 
that the law of rji is \l. 

We consider an ODE in the rough path sense in the following form. Let W be another 
real Banach space. For a G C fe °°([0, 1] x W, L(V, W)) and b G C b °°([0, 1] x W, L(R, W)) = 
C£°([0,l]xW,W), 

</y/ £ ) = (7( £) F t (e) )e^ + b{e, Y t {£) )dt, F (e) = 0. 

Using the notation of the previous section, we may write Y^ e ' = <& e (eW, T). Here $ £ is 
the Ito map corresponding to (a, b) and T is the R- valued path defined by T t = t. 

We will study the asymptotics of (Y^)i = <& e (eW, T)i as e \ 0. We impose the 
following conditions on the functions F and G. In what follows, we especially denote by 
D the Frechet derivatives on L^fti) and P(W). The Cameron-Martin space for ¥% is 
denoted by L^iT-L), which is a linear subspace of P(W). Note that L^' 1 ^) C BV(V) C 
Gflp(V). Set ^° : L^H) ->• P(W) by *°(A) = $°(A, T)l 

(HI): F and G are real- valued bounded continuous functions defined on P(W). 

(H2): The function P := F o \1/ + II ■ \\ 2 1 /2 defined on Lo attains its minimum 

L 2 ' (H) 

at a unique point A G L°' (T!)- For this A, we write := \I/ (A). 

(H3): The functions F and G are n + 3 and n + 1 times Frechet differentiable on a 
neighbourhood P(0) of G P(W), respectively. Moreover there exist positive constants 
Mi , . . . , M n+3 such that 

I^P^)^,...,!/]! < M fc |M|^ (w) , fc=l,...,n + 3, 
|L> fc G(77)[y,...,y]| < M fc ||y||^ (vv) , fc = l,...,n + l, 

hold for any 77 G P(0) and y G P(W). 

(H4): At the point A G L 2 A (H), consider the Hessian A := D 2 (Po^°)(A)| L o,i (w)xL o,i (w) . 

As a bounded self-adjoint operator on L^lH), the operator A is strictly larger than 
— Id L o,i^ in the form sense. 

Now we are in a position to state our main theorem. This can be considered as a 
rough path version of Azencott [5] or Ben Arous [3] . The key of the proof is the stochastic 
Taylor-like expansion of the Ito map around the minimal point A, which will be explained 
in the next subsection. (There are many other nice results on this topic in the conventional 
SDE theory. See Section 5.2 of Pitarbarg and Fatalov [22]. For results in the Malliavin 
calculus, see Kusuoka and Stroock [HJ[T7], an d Takanobu and Watanabe [23].) 
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Theorem 5.1 Under conditions (EX), (H1)-(H4) ; we have the following asymptotic 
expansion: (E is the integration with respect to Pi or Pi .) 

E[G(y (e) )exp(- F{Y^)/e 2 ) 
= exp ( - F(A)/e 2 ) exp ( - c(A)/e) • (or + a x e H h a n e" + 0{e n+1 )) , 

(5.1) 

where the constant c(A) zs given by c(A) := Di^(0)[H(A)]. i/ere 5(A) G P(W) is i/je 
unique solution of the differential equation 

d~ t - <V(0, 0t)[H t , dA t ] - <9 y o(0, 0t)[H t ]dt = d £ a(0, <f> t )dA t + <9 £ 6(0, &)dt 

with So = 0. Aote that S is non-random. 

Remark 5.2 In JTffl . onZy equations of the following form were discussed. 

n 

dY t {£) = a{Y t (£) )edW t + £ Oi(e)&i(y t (e) )d*, ^ = 0. 

i=l 

ifere, a« : [0, 1] — > R are "nice" functions. This may be somewhat unnatural. However, 
since we extended the stochastic Taylor-like expansion to the u e-dependent case" in the 
previous section, we are able to slightly generalize the Laplace asymptotics (and the large 
deviation) as in the above theorem. 



5.2 Sketch of proof for Theorem 15.11 

The proof for Theorem 15.11 is essentially the same as the one for Theorem 3.2, [13], once 
the stochastic Taylor-like expansion is obtained. Therefore, we only give a sketch of proof 
in this subsection. 

Roughly speaking, there are three steps in the proof: 

Step 1: A large deviation principal for the laws of Y^ e ' as e \ 0. 

Step 2: The stochastic Taylor expansion around the maximal point. We expand Y^ £ > 
as £ \ as in the previous sections, where Y^ is given by the following differential 
equation: 

dY t {£) = a(e, Y t {£) ){edW t + dA t ) + b{e, Y t {e) )dt, y o (e) = 0. (5.2) 

Here, A e LY{H) is given m Assumption (H2). Note that = Y° if we use the notation 
in the previous section. 

Step 3: Combine the expansion for Y^ e ' with the Taylor expansion for F, G, and exp. 

Firstly, we explain Step 1. We use the large deviation for Brownian rough paths 
(Theorem 1 in Ledoux, Qian, and Zhang [19]. The infinite dimensional case is in [IB]) 
and then use the contraction principle of Ito map, which is continuous. This strategy was 
established in [19"] . 
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Proposition 5.3 The law ofY^ on P(W) satisfies a large deviation principle as e \ 
with the following rate function I : 

= M{\\Xf L ^ n) /2 | y = M>°(X)} ify = for some X E Lf{U), 

oo otherwise. 



Proof. First recall that P e on GQ p (y) satisfies a large deviation principle as e \ with 
the following rate function J (see Theorem 1, [19] or Theorem 3.2, [T3]): 

I oo otherwise. 

Then, from the slight extension of Lyons' continuity theorem (Theorem 13.9ft and the slight 
extension of the contraction principle (Lemma 3.9, [13], for instance), we can prove the 
proposition. I 

Secondly, we explain Step 2. We can use Theorems 14.41 and 14. 5[ if we set V = V, 
V = V © R and regard the equation ( 15. 2p as follows: 

df^ = a(e, Y t {£) )edW t + [a(e, Y t {e) )dA t + b(e, Y t (e) )dt] , F (e) = 0. 

Finally, we explain Step 3. This step is essentially the same as in Section 6, [13]. In 
this step, a Fernique type theorem and a Cameron-Martin type theorem for the Brownian 
rough paths are used. (See, for instance, Theorem 2.2 and Lemma 2.3, |llj.) 
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